CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2020 JUNIOR CATEGORY

Question J-01 [4 points]

The 2020 students in a school are divided into 7 groups to compete in a game. Any two groups

can have the same number of students. What is the minimum number of students in the largest
group(s)?
— R FARR 2020 1254, WwRERXEFASRT ARJTEHE, EERATUAH

MBI BIAR, MAARRSOBE Y B ILNPA?

Answer: [289]

Solutions:

2020 =288 x 7+ 4.

If each group has at most 288 students, then there are at most 2016 students, a contradiction.
It can be that 4 groups have 289 students, while 3 groups have 288. Therefore, the largest

group(s) has at least 289 students.
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Question J-02 [4 points]

There are 11 students that took part in a mathematics exam. By taking 10 students at a time

and sum up their marks, the following 11 sums are obtained:
749 743 740 737 733 729 726 723 718 714 708

What is the lowest mark scored by these 11 students?

A 2FAESRFER, HRIN0 25 L0550k, FEATH 11 AN
749 743 740 737 733 729 726 723 718 714 708

11 A2 F A RORAKE) R ILS?

Answer: [53]
Solutions:
The sum of the 11 sums is 8020, which is 10 times the sum of the marks of the 11 students.

Hence, the lowest mark scored by the students is 802 — 749 = 53.
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Question J-03 [4 points]

L 3 .
Tianying Company has N employees, 3 of them work in the Johor branch, and 15% of them
work in the Penang branch. The remaining 437 employees work in the headquarter in Kuala

Lumpur. Find N.

RFENEA N AZR T, 2 BRTAEZEHBSER, 15% 67 TEERSIR, #Tay 437
R TAEFTEREIR, LN,

Answer: [920]

Solutions:
3 3
N—-N——N =437
8 20
N =920
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Question J-04 [4 points]

If m and n are positive integers such that n®> = 18000m, find the smallest possible value of m.

Cdm Hn ZEEKHE n® =18000m, K m #9& I TReE,

Answer: [1350]
Solutions:

18000 = 2* x 3% x 5. The smallest possible value of m is 2 x 33 x 52 = 1350.
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Question J-05 [4 points]

In the figure shown below, ABC'D is a kite. Given that AM = 15, C'M = 48, and the area of
the kite is 1260, find the perimeter of the kite.

THEY, ABCD ZNEH, L4 AM =15, CM = 48, NEH @A A 1260, K
REF a9 Ko

Answer: [154]

Solutions:

BD x (48 + 15) = 1260 x 2

BM:?:%

Therefore, AD = 25, C'D = 52. The perimeter of the kite is 2 x (25 + 52) = 154.
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Question J-06 [4 points]

There are two balls, one red and one yellow. The volume of the yellow ball is 72.8% more than

the volume of the red ball, while the surface area is % more. Find z.

HHWfik, —4as, —B&HE, ZROKRPBILLLRY K 72.8%, R @R
X 2%, Kxo

Answer: [44]
Solutions:

Let the radii of the red ball and the yellow ball be r; and r, respectively. Then

r 3

(—2) — 1.728.
™
P 2

(-2) — 1.44.
™

Hence, ro = 1.27,.

The ratio of their surface areas is

Hence, x = 44.
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Question J-07 [4 points]

Hy —6x 294 a 6x + 11y
17x +8y 577 172 — 8y’
Iy —6x 294 . 6x+ 11y
17x+8y_ﬁ’ - 17x—8yo

Given that x and y are real numbers such that
Char Hy AFEHE

Answer: [498]
Solutions:

Letk = E. Then
Yy

294 11— 6k
577 17k + 8

1
This gives k = 35 Hence,
6x + 11y 6k + 11

= = 498.
172 — 8y 17k —8
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Question J-08 [4 points]

Given that all the two-digit positive integers are divided into 5 groups such that the sum of the

numbers in each group is /N. Find V.

FrrA B AR S5 A, RFEENFHRE No £ N,

Answer: [981]
Solutions:

The two-digit positive integers are 10, 11, 12, ..., 99. There are 90 of them. Their sum is

10 +99
2

x 90.

Hence,

10+99 90

5
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Question J-09 [4 points]

If a and b are real numbers such that a — 23 # 0, 3b 4+ 37 # 0, a # 3b + 60 and

2 2
a—23 3b+37

=3b—a+ 60,

find the value of 3ab + 37a — 69b.

Edra 5b 2EH. a—23£0, 3b+3740, a#3b+60 1

2 2

_ —3b—a+60
0—23 3b+37 @t

K 3ab+ 37a — 690 4918,

Answer: [853]
Solutions:

Letu=a—23,v=3b+37. Thenu —v =a — 3b— 60 # 0.

uv

(u—v) (%—1) —0

Since u — v # 0, we have uv = 2. This gives

(a — 23)(3b+37) = 2

3ab + 37a — 69b = 853
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Question J-10 [4 points]

How many four-digit numbers leaves a remainder of 7 when divided by 13?

HAT Y ANV KR VA 13 W% A 72

Answer: [692]

Solutions:

1008 =77 x 1347
9991 =768 x 13+ 7

The number of four-digit number that leaves a remainder of 7 when divided by 13 is

768 — 76 = 692.
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Question J-11 [5 points]

The figure shown below is a regular 9-gon. If the acute angle between the diagonals AB and

CD is z°, find z.

TRATA—ERAH ., EXRAEAB 5 CD kAR °, K.

C
A B
D
Answer: [80]
Solutions:
. .7 x180° o
Each internal angle of the regular 9-gon is —9 = 140°. Hence, ZAC'D = 40°.

If ZOAB = y°, then considering the sum of angles in AABC, we have
y + 140 — 40 + y — 40 = 180.

This gives y = 60 and hence z = 80.
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Question J-12 [5 points]

In the figure shown below, DE//AB, AD : DC = m : n, where m and n are relatively prime
403

positive integers and m < n. If the area of the shaded region is 520 of the area of the whole

triangle AABC, find the value of n.

THEY, DE//AB, AD:DC=m:n, ¥ m Zn RERYEERKE m < n. 4
403

RECH, ;B EEANA=ZAT AABC @R 520’ Kn 891,
C
D/i
A B
Answer: [14]
Solutions:
SacpE _ ( n )2
SaaBC m-+n
SAABE _m
SAABC m-+n
Letk = ﬁ. Then
m
k2 1 403

(I+k? T+k 520
K +k+1 403
k2+2k+1 529

k 126
k2+2k+1 529
1 529
k+24 - =—"
Tt T3
277
2
- 1=
k 126k+ 0

14
Since k > 1, we have k = 9 and n = 14.
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Question J-13 [5 points]

How many pairs of positive integers (x, y) satisfy the equation 101z + 20y = 1010101?

K% IR (2,y) HETAZX 101z + 20y = 1010101 ?

Answer: [500]
Solutions:

Observe that 101 — 20 x 5 = 1. Hence,

101 x 1010101 — 20 x 5050505 = 1010101.
If 1012 + 20y = 1010101, then

101(z — 1010101) 4 20(y + 5050505) = 0.
Since 20 and 101 are relatively prime, there must exist integer % such that

r — 1010101 = — 20k

y + 5050505 =101k

To have z > 0 and y > 0, we must have 50005 < &£ < 50505.

There are 500 pairs of such (z,y).
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Question J-14 [5 points]

Given that
Ty 110

1z + 12y 21’
Find the value of x + y.

& %n
Ty 110

1z + 12y  21°
Kr+y 6944

Answer: [242]

Solutions:

11

Y
1_0

Y

12

= =
1

X

JUNIOR CATEGORY

Yy 132
10z + 11y~ 23~
Ty 132
10z + 11y~ 23°
21
110
23
132°

From these, we find that z = 132, y = 110 and hence = + y = 242.
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Question J-15 [5 points]

Given that
(1+2)+ (1+22)* + (1 +32)> + (1 +42)" + (1 4+ 52)° = ap + a1 + agz® + . .. + agsa™.

Find as + a4 + ag + ... + asa.

& %n
(1+2)+ (1 +22)*+ (1+32)° + (1 +42)" + (1 +52)° = ap + @17 + asx® + ... + agsx®
Kag+as+ag+...+ axyo

Answer: [3758]
Solutions:

Put x = 0,z = 1 and x = —1, we obtain respectively

CLO:5
Qo+ a1+ ...+ asg+ass =2+32+43+5*+6°

ag — ay +ag+ ...+ a9y — Qor = (—1)2 + (—2)3 + (—3)4 + (_4)5
The sum of the second and third equations divided by two, and subtract the first equation give

s+ a4+ ag + ...+ agy = 3758.
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Question J-16 [5 points]

A school has four clubs whose members are students in this school. Each club has 99 members.
Every two clubs have 33 common members. Every three clubs have 11 common members.
There is exactly one student that joins all four clubs. At least how many students does this

school have?
Ch—RFERA 4 NF R, @4? HAERMAZRYFELE, FAFEH 912407,

HEANFAEA B EERER, BFEAFAAIIZERAR, WA —2FAERIWA
FAWER SR, XAFRRT AUz FE?

Answer: [241]

Solutions:

Let Ay, As, A3, A4 be respectively the set of students in the club 1, club 2, club 3 and club 4.

n(A; UAy UAsU Ay) =n(Ar) + n(As) +n(As) + n(As) —n(Ar N Ag) —n(A; N As)
—n(A1NAy) —n(AyNAs) —n(As N Ay) —n(As N Ay)
+n(ANANAs) +n(AiNAsNAy) +n(Ar N Az N Ay)
+n(AyNAsN Ay —n(A;N Ay N A3 N Ay)

=9 x4—-33x6+11x4—-1

=241
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Question J-17 [5 points]

Find the sum of the real solutions to the equation

1 N 6 3 N 4
x—12 z—14 x—17 x—11

KFAE X
1 N 6 3 N 4
r—12 x-14 z-17 x-—11

A PT A SR B R 9 e

Answer: [85]

Solutions:

1 6 3 4
r—12 "z z-17 z-11
22 — 852 + 886
(x —11)(z — 12)(z — 14)(x — 17)

The solutions of the equation are solutions of

2% — 857 + 886 = 0.

Since A = 852 — 4 x 886 > 0, there are two real solutions whose sum is 85.
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Question J-18 [5 points]

Let
n

=[]

where | x| is the largest integer not larger than . Find the sum

a1+ as + ...+ asgo.

|

Folz] ARKT z e9RA KM, K

J

13
b

Zd)

a; +as + ...+ aso

Answer: [1455]

Solutions:
S:a1+a2+...—|—a200

(PRE

13] |13

12
13

)

(8] 4], L]
13 13] |13
26 27 38

J i {E 13D

B

(] ]2
(L 2 5|

=13x(1+2+...+14)+15x6
=1455
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Question J-19 [5 points]

Let
S = {r | r is the remainder when n* is divided by 100, where n is an integer} .

Find the sum of the elements in S.

i

S={r|r Zn> KX 100 894, £¥nREHK)

K S LKA,

Answer: [975]
Solutions:

Write n = 10k + u, where k is an integer, and u is an integer between 0 and 9. Then
n® = 100k + 20ku + u*

We just need to consider k taking values 0, 1, 2, 3, 4.
When u = 0, we find that S contains 0.

When v = 1,9, we find that S contains 1,21, 41,61, 81.
When u = 2, 8, we find that S contains 4, 44, 84, 24, 64.
When u = 3,7, we find that S contains 9, 69, 29, 89, 49.
When u = 4, 6, we find that S contains 16, 96, 76, 56, 36.
When u = 5, we find that S contains 25.

The sum of the elements in S is 975.
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Question J-20 [5 points]

The horizontal cross section of a swimming pool is a rectangle, while the vertical cross section
is a trapezium. The figure below shows the vertical cross section of the swimming pool. The
shallow side of the pool AD has height 100 cm, while the deeper side BC' has height 180 cm.
The pool is originally full of water. After the water level drops by £ cm, the pool only left with
77% of water. Find the value of 10k.

— R KFBZ—KGH, A@mAKT, TRHTARKEGETG, Kibxiy—
B AD 5 E A 100cm, F69—il BC 895 2180 cmo FF4& TRk Ly K2 i a9,
KB TFHET kem &, KEFRT 77% 89K, K 10k 8914,

A B

Answer: [322]
Solutions:
100 —k+ 180 —k 77
100 + 180 - 100
10k =322
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Question J-21 [6 points]

If the first 10 terms of the sequence of odd positive integers 1, 3,5, 7, ... are merged, we obtain
the 15-digit number 135791113151719. If the first n terms of the sequence are merged, we
obtain a 2017-digit number N. Find the last three digits of V.

FrE &3 1,3,5,7,... 69T E 10 TEA—A, #AEF 135791113151719 EZAS 15
28 R ATE n TELE—RAFE -/ 2017 28 N, K N 8RB =424,

Answer: [285]

Solutions:

Merging the 5 odd numbers from 1 to 9 give 5 digits.

Merging the 45 odd numbers from 11 to 99 gives 90 digits.

Merging the 450 odd numbers from 101 to 999 gives 1350 digits.

Merging the n — 500 odd numbers from 1001 to 2n — 1 will give 4(n — 500) digits.

5+ 90 + 1350 + 4(n — 500) = 2017

Therefore, n = 643.
The last four digits of N is 2 x 643 — 1 = 1285.
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Question J-22 [6 points]

In the figure shown below, ABFE is a straight line. ABCD is a rectangle with AB = 74 and
AD = 34. ABEF is an equilateral triangle. ABC'F' is an isosceles triangle. Find the area of
ACDEF.

THEY, ABE #—A%. ABCD ¥ 7#, AB=74, AD =34, ABEF 2% =
Af, ABCF 2—%E=fA%. £ ACDF #h@,

F
D
C
A B E
Answer: [629]
Solutions:
F
D
C
y B M E

Leta =AB =74and b= AD = 34.

/CBF = 30°, BF = /3b, FM = ;b.

b
Using C'D as base, the height of ACDF is FM — BC' = 7

Hence, the area of ACDF is
1 X a X b 629
—XaX == )
2 2
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Question J-23 [6 points]

Given that a, b, c are three positive integers. The greatest common divisor of a and b is 540, the
greatest common divisor of a and c is 504, and the least common multiple of b and c is 83160.

If m is the greatest common divisor of b and c, find the largest possible value of m.

Ca, b, c ZHAEEH, a 50 RKAAHKAZ540, a Hc IR KNEBHH
A 504, b Hc 89D EHEAZ 83160 Em b Hce KRR, Km IR K
=T AEAR .

Answer: [396]

Solutions:

b is a multiple of 540 = 22 x 3% x 5.

cis a multiple of 504 = 23 x 3% x 7.

a is a multiple of 23 x 3% x 5 x 7.

Therefore, b is not divisible by 23 and 7; c is not divisible by 3% and 5.

b and c are factors of 83160 = 23 x 3% x 5 x 7 x 11. The maximum possible value of m is

22 x 32 x 11 = 396, when

a=22x33x5x%x7
b=2?x33x5x1l1

c=22x32x7x11
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Question J-24 [6 points]

Let S ={1,3,5,...,99} be the set containing all positive odd integers less than 100. For a set
A that is a subset of S, define f(A) to be the sum of the elements in A. What is the maximum
number of elements that A can have if f(A) = 1900?

K’S =41,3,5...,99} ANTF100 W EFHEE, FTFT S WFTELA =L f(A)
A A PR AE G, & f(A)=1900, A &5 HILANTE?

Answer: [42]
Solutions:

Notice that if A has m elements, then
f(A>14+3+.. . +2m—1=m>

For f(A) = 1900, m < /1900 = 43.59, and A must have an even number of elements.
Hence, A cannot have more than 42 elements.
The set A = {1,3,5,...,65} U {75} U {85,87,89,91,93,95,97,99} has exactly 42 elements

and the sum of the elements is 1900.
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Question J-25 [6 points]

Given that the degrees of the four internal angles of a quadrilateral are a, a + d, a + 2d, a + 3d,

where a and d are positive integers. Find the largest possible value of d.

CH— AW NA A ERSAA a, a+d, a+2d, a+3d, £Fa 5d &
AR, Kd R KT RE,

Answer: [58]

Solutions:

at+a+d+a+2d+a+3d =360

2a + 3d = 180

The positive integer solutions to 2a + 3d = 180 is a = 90 — 3k, d = 2k, with £ < 29. Hence,

d is at most 58.
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Question J-26 [8 points]

Given that a triangle is such that each of the three side lengths can only be one of the six integers
7 10 13 16 19 22

How many such triangles are there?

e — = A 69 =AU KARL AT SN T 6 —A
7 10 13 16 19 22

H 5 ARARG = AT

Answer: [49]

Solutions:

If the three sides lengths are the same, there are six possible cases.

If two sides are the same, but the third side is different, assume that the three side lengths are
a, a and b with b # a.

If a =7, bcan be 10 or 13, two cases.

If a = 10, bcanbe 7, 13, 16 or 19, four cases.

If a = 13, bcanbe 7, 10, 16, 19 and 22, five cases.

If a = 16, bcan be 7, 10, 13, 19, 22, five cases.

If a =19, bcan be 7, 10, 13, 16, 22, five cases.

If a = 22,bcanbe 7, 10, 13, 16, 19, five cases.

If all three sides have different lengths, we assume that the three side lengths are a, b and ¢ with
a<b<ec
If (a,b) = (7,10), ¢ can only be 13, 16, two cases.

7,13), c can only be 16, 19, two cases.

f (a,

)
)
7,16), c can only be 19, 22, two cases.
7,19)

(
(
(
f (a, (
(10,13), c can only be 16, 19, 22, three cases.
(
(
(
(

, c can only be 22, one case.

(a,0) =
(a,b) =
(a,b)
If (a,b)
If (a,b)
(a,b)
(a,b)
(a,0)

10, 16), c can only be 19, 22, two cases.

f (a,

f(a, 13,16), c can only be 19, 22, two cases.

)
)
10, 19), ¢ can only be 22, one case.
)
)

f (a, 13,19), c can only be 22, one case.
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If (a,b) = (16, 19), c can only be 22, one case.

Hence, the total number of possible such triangles is 49.
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Question J-27 [8 points]

A right-angled triangle is called perfect if the lengths of all three sides are integers, and one of

the sides has length 100. How many perfect right-angled triangles are there?

R —AAZAH A KRARESY, L —AKFTI100, KMNARZ=AH AT
EZAF. AZIVANABAA=ZATRTEN?

Answer: [9]
Solutions:
Let the lengths of the triangle be a, b and ¢, with ¢ = a? 4 b?. We discuss two cases.
Case 1: ¢ # 100.
Without loss of generality, we can assume that a = 100.
Then
(c—b)(c+b) =100% = 2'5*.

Notice that ¢ — b and ¢ + b must be both even or both odd. Since their product is even, they
must be both even.

Let ¢ = 2¢; and b = 2b;. Then
(Cl — bl)(Cl + bl) = 22 X 54.

For any two integers m and n with 1 < m < n such that mn = 22 x 5%, we have a perfect
triangle withb =n —m,c=n+ m.
Since 22 x 5% has 3 x 5 positive factors, there are 7 perfect triangles in this case.
Case 2: ¢ = 100.
Then a? + b* = 1002
Since a? and b? can only be congruent to 0 or 1 modulo 4, but 1002 is congruent to 0 modulo 4,
we must have a and b both even.
We can argue in the same way that a and b are divisible by 4.
Let a = 4ay, b = 4by, then
al + b2 = 257,

and a; and b; must be one even and one odd, and both must be less than 25.
Without loss of generality, assume that a; is even and b, is odd.

Let d = ged (ay, b1). Then d | 25. So d can only be 1, 5, cannot be 25.
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Case 2A: d = 1. Then a; and b; are both not divisible 5 and
a? = (25—b)(25+ by).

If 25 — by and 25 4 b; have common factor larger than 2, then b; and 25 have common factor

larger than 1, which is also a common factor of a,. This gives a contradiction.

25—0b 25+b
Hence, 5 L and ; L must be relatively prime.

This implies that 25 — b; = 2m? and 25 + b; = 2n? with m and n relatively prime positive

integers, and

m? + n? = 25.

From this, we can only have m = 3 andn = 4. So b; = 7, a; = 24.

Case 2B: d = 5. Let a; = 5ay and by = 5by. Then
as + b5 = 5%

We can only have as; = 4, by = 3.

Altogether, we have exactly 9 perfect triangles.
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Question J-28 [8 points]

Let S be the set of positive integers less than 100. Given that any n-element subset of .S contains

two elements that are not relatively prime, find the smallest possible value of n.

ES RN T 100 9 EREKGELS, Ui SHHE— NS n ANEBTFEL—F
SHANTERYLE, En d9m )T EE,

Answer: [27]

Solutions:

Let A be the subset of .S that contains 1 and all the prime numbers in S.
A has 26 elements.

Letthe elementsin Abel =a; < as < az < ... < ag.

Define A; = {1}, and for 2 < k < 26, let
Ap = {m € S|m isdivisible by a} .

Then

26

S=J A

k=1
Notice that any two elements of A are coprime.
If B is a subset of S that contains 27 elements, two of them must come from the same A;, for

some k. These two elements of B are not coprime.

This shows that the smallest possible value of n is 27.
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Question J-29 [8 points]

Let
S = {n | nis a positive integer less than 100000, the product of digits of n is 180 }

Find the number of elements in S.

i

S={n |n £&/]F 100000 #.E K H n o9 &2 F 0 RMAA 180}
K S P AFGINK,
Answer: [453]

Solutions:

180 =2* x 3 x 5
If n is a three-digit number, there are two cases.
e The three digits can be 4, 9 and 5. There are 6 such integers.
e The three digits can be 6, 6, 5. There are 3 such integers.

If n is a four-digit number, there are five cases.

The four digits can be 1, 4, 9 and 5. There are 24 such integers.

The four digits can be 1, 6, 6 and 5. There are 12 such integers.

The four digits can be 2, 2, 5, 9. There are 12 such integers.

The four digits can be 4, 3, 3, 5. There are 12 such integers.

The four digits can be 6, 2, 3, 5. There are 24 such integers.

If n is a five-digit number, there are six cases.

e The five digits can be 1, 1, 4, 9 and 5. There are 60 such integers.
e The five digits can be 1, 1, 6, 6 and 5. There are 30 such integers.
e The five digits can be 1, 2, 2, 5, 9. There are 60 such integers.

e The five digits can be 1, 4, 3, 3, 5. There are 60 such integers.
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e The five digits can be 1, 6, 2, 3, 5. There are 120 such integers.
e The five digits can be 2, 2, 3, 3, 5. There are 30 such integers.

S has 453 elements.

Organized by XIAMEN UNIVERSITY MALAYSIA Page 32 of 33



CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2020 JUNIOR CATEGORY

Question J-30 [8 points]

Given that a, b, z and y are real numbers such that

axr — by =7
a’r® — by =22
a*r® — bPy° =69
a*z” — bty" =216
a5:c9 - b5y9 —K
Find K.
Csa, b, v By 2FHKHL
ar — by =7
a’x® — by =22
a*r® — bPy° =69
a'z” — by’ =216
a’x? — b’y =K
X K.

Answer: [675]

Solutions:

(a®2® — b*y®) (az® + by?) =a’2® — b*y° + abx®y*(ax — by)
(a3x5 _ b3y5)(ax2 + by2) :a4x7 _ b4y7 + abx2y2(a2m3 _ b2y3)

(a*z™ — b*y")(az® + by®) =a’z” — b°y° + aba?y? (aPz® — by°)

Let u = az? + by?, v = abx?y?. Then

22u — Tv =69
69u — 22v =216
216w — 69v =K

Solving the first two equations give v = 6 and v = 9. Hence, K = 675.
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