CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2021

JUNIOR CATEGORY

Question J-01 [5 points]

Today is Thursday. What is the day 2021 days later?

The code of the days are tabulated below. Enter the code as your answer.

A XK R BV, 2021 RZ )G R ZHIL?

TARAZERGRA, HENRBEAHEE,

Day P Code /X7
Monday ZH#— 1
Tuesday Z= 2

Wednesday EH= 3
Thursday ZHw 4
Friday ZHE 5
Saturday E S 6
Sunday EMR 7
Answer: [2]
Solutions:

When 2021 is divided by 7, the remainder is 5. Hence, 2021 days later is Tuesday.
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Question J-02 [5 points]

The average height of the two persons P and Q is 152 cm, while the average height of the five
persons P, Q, R, S and T 1s 155 cm. What is the average height of the three persons R, S and T

in cm?

P, QAAMNFHEZHA152cem, P, Q, R, S, TEAAHFHFZHA 155cm. R, S, T
ZAFHEIEHRS Y cm?

Answer: [157]
Solutions:
The total height of P and Q is 2 X 152 cm, the total height of P, Q, R, S, T is 5 x 155 cm. Hence,

the average height of R, S and T is

5 x 155 — 2 x 152

= 157
3 cm
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Question J-03 [5 points]

Xiaoming, Xiaolan, Wenying and Fenfen went to a stationery shop together. Xiaoming spent
RM 3.20 to buy one pencil and one pen. Xiaolan spent RM 5.50 to buy one pencil and one
exercise book. Wenying spent RM 4.30 to buy one pen and one ruler. If Fenfen bought 10

exercise books and 10 rulers, how much did she spend in RM?

B, N2 OLE, FFEOA—RELREE, MHAE—IBERFR—IRTFERT
RM3.20, NE2EL —F BER—FAMELEFLTRMS550, LEFEF—IRFEE—RL
TRM430, ZHFET 10 A% LEFR10LR, T 204 F?

Answer: [ 66]

Solutions:

One pencil, one exercise book, one pen, one ruler cost RM 5.50 + RM 4.30 = RM 9.80.
Hence, one exercise book and one ruler cost RM 9.80 — RM 3.20 = RM 6.60.

10 exercise books and 10 rules cost RM 66.
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Question J-04 [5 points]

How many positive factors does 120 have?

120 A JUAS B89 7 42

Answer: [16]

Solutions:

120 = 23 x 3 x 5.

Any positive factor of 120 must be of the form 2% x 3% x 5¢, where a can be 0, 1, 2 or 3, b can

be O or 1, and c can also be 0 or 1. Hence, there are 4 x 2 x 2 = 16 cases.
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Question J-05 [5 points]

How many digits are there in the number 8'° x 5209
810 x 5% EAHA Uz & F?
Answer: [28]

Solutions:

810 % 526 — 230 « 526 — 16 x 10%°

Therefore, it has 28 digits.
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Question J-06 [5 points]

In the figure below, AB//DE, CD//AE. If ZEAB = 42°, Z/CBA = 19°, find ZDCB in

degrees.

THWY, AB//DE, CD//AE. % /EAB =42°, Z/CBA=19°, £ /DCB 8 &%

D E
C
A B
Answer: [61]
Solutions:
D E
A B

Draw C'F to be parallel to AB.
/FCB=/CBA=19°,Z/DCF = /FEAB = 42°.
Hence, /DCB = 61°.
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Question J-07 [5 points]

Ms Lee wants to recruit some students to move all the chairs in the hall to some classrooms.
If she recruits 18 students, they will take 30 minutes to complete the job. If she wants the job
to be completed in 20 minutes, how many students should Ms Lee recruit? It is assumed that
every student moves the same number of chairs, and the time taken to move a chair is the same

for each student.

FEIF R — A RFALE B TMB T L. o R 18425 £ MUK A TAE,
AN E &30 50 F AL T o 4o REFHEIT A 20 04 N T ARX AL 5, W& U5 4
Phr 77 L ERBIBFAFEMMRAK D O T, FEFERD—RET AT HRER
f‘)}:%:éﬁo

Answer: [27]
Solutions:

The amount of time taken is inversely proportional to the number of students doing the job.
18 x 30
= 27

Hence, in order to complete the task in 20 minutes, Ms Lee need to recruit

students.
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Question J-08 [5 points]

Given that a regular n -gon has 299 diagonals, find the value of n.

Cdm—Ea)n A A 299 &3t A%, Kn o91E.

Answer: [26]
Solutions:
n(n — 3)
2
n?—3n—23x26=0

=299

(n—26)(n+23)=0

n = 26
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Question J-09 [5 points]

In the figure below, the six small circles are inside the large circle and are tangent to it. Each of
the small circles are also tangent to the two small circles beside it. Assume that the area of the

large circle is S, and the sum of the areas of the six small circles is S5. Find 6021,
2

THEY, ~APMAAEKRREZ, BX5XEM. £ E¥H5LmAARRA ] H A8

: S
. ZKAGERRES, ~ANINRAGEHRZFZS,, 3‘460§10

Answer: [90]
Solutions:
If the radius of a small circle is r, then the radius of the large circle is 3r.

Hence,
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Question J-10 [5 points]

Given that the five-digit number 2a5a6 is divisible by 36, find the digit a.

. 4n A Az # 2a5a6 I VAR 36 Bk, KEF a.

Answer: [7]

Solutions:

A number is divisible by 36 if and only if it is divisible by 4 and 9.

2a5a6 is divisible by 4, so a6 must be divisible by 4, and hence it can only be 1, 3, 5, 7, 9.
2a5ab is divisible by 9,502+ a + 5 + a + 6 = 13 + 2a is divisible by 9.

Hence, a must be 7.
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Question J-11 [5 points]
. . . ) 7943
Given that a is an integer. Find the value of .
a? — (a+13)(a — 13)
. 7943
a2 —%H, K 8918,
I P T ET
Answer: [47]
Solutions:
7943 7943
= =47
a’>—(a+13)(a —13) 132
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Question J-12 [5 points]

Among the integers from 100 to 1000, how many of them are multiples of 13?

B 100 2] 1000 89 &5+ A % VAN 13 8942 42

Answer: [69]

Solutions:
1000 100
— | = — | =T.
R

Therefore, there are 69 integers from 100 to 1000 which are multiples of 13.
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Question J-13 [5 points]

If x and y are two numbers such that the value of 143z — 77y is 451, find the value of
299z — 161y.

% By K AANFAEAF 1430 — TTy 69485 T 451, K 2992 — 161y @94,

Answer: [943]

Solutions:

143z — 7Ty =451
13z — Ty =41

299z — 161y =23(13x — Ty) = 943
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Question J-14 [5 points]

In the figure shown below, ABC'D is a rectangle with area 780. Given that AP : PB =9 : 4,
and AQ : QD = 2 : 3, find the area of ACPQ).

THEY, ABCD — A @5 T780 WKkFZMH, s AP . PB =9 :4, @
AQ: QD =2:3, KACPQ #&F,

D C
0
A P B
Answer: [318]
Solutions:
9 4 2 3
Let AB =z, AD = y, then zy = 780, AP = Ex, PB = 3 AQ = gy, QD = gy. Hence,
the area of AC PQ) is
x—1x9x><2 1><4 X 1>< ><3
YTyt Y Ty gt Y T Y
18 +20 + 39
=780(1—- —————
( 130 )

=318
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Question J-15 [5 points]

In Malaysia, some people write 7" of March as 07/03, using the dd/mm notation, but some
people write it as 03/07, using the mm/dd notation. Hence, when we see a date written as
07/03, we don’t know whether it means 7" of March or 3" of July. However, there is no
ambiguity when we see a date written as 28/02 or 02/28, since it is obvious that both mean 28"
of February, as there are only twelve months in a year. In the year 2021, how many of the days
would create confusion when it is not certain whether the date is written in dd/mm or mm/dd

notations?

HELHRBE, HEARdI/mm @# XFF3 A 785 x07/03, L& AR mm/dd ## X
e B 0307, Bk, LHRAAEE—ABIAER07/030, KMNALEFAMEEIATS
EARTA3F. TAYSKMNA 2 28/02 %02/28, HMAimEARZEHA2HA28F, BH
—FRA RN £2021 % —F, %V RERARHEE A VAdd/mm & mm/dd 49
# X KB B RA?

Answer: [132]

Solutions:

The n'™ day of the m™ month will give rise to confusion if 1 < m < 12,1 < n < 12 but
m # n. Hence, there are 11 days in each month that will give rise to confusion. Therefore,

there are a total of 12 x 11 = 132 days in 2021 that would give rise to confusion.
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Question J-16 [5 points]

Given that a, b, c are three positive integers. The least common multiple of @ and b is 22 x 3% x 72,

the least common multiple of b and ¢ is 2% x 3% x 5 x 7. Find the largest possible value of b.

Efra, b, cEEZANEEHK, o 5b R DAMMEEAZ22 <3P x T, bty NMEHK
A8 x3Bx5x7, Kboym K TAAL,

Answer: [756]
Solutions:

b must be divisible by 22 x 3* x 72 and 23 x 3% x 5 x 7. Hence, the largest possible value of is

22 x 3% x 7 =T756.
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Question J-17 [5 points]

In the figure below, AC' and BD are perpendicular to AB, AC' = 102, BD = 201, AB = 404.

Given that P is a point on the line segment AB, find the minimum possible value of PC + PD.

TEY, ACE5BD»»£4F AB, AC =102, BD =201, AB = 404, €4 P & %
B AB Lty —%5, K PC+ PD &% 7T fel,

D
C
A P B
Answer: [505]
Solutions:
D
C

As shown in the figure above, extend C'A and DB to C' and D’ respectively so that C'A =
D'B = DB. Then PC + PD = PC + PD’ is minimum when P is the intersection of C' D’

with AB. The minimum value is C'D’.

CC" =102+ 201 = 303
C'D' = AB = 404
CD' = V3032 + 4042 = 505
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Question J-18 [5 points]

There are 76 people in a conference, coming from two universities, university A and university
B. The first person from university A shakes hands with 19 people from university B, the second
person from university A shakes hands with 20 people from university B, the third person from
university A shakes hands with 21 people from university B. This pattern follows up to the last
person from university A, who shakes hands with all the people from university B. How many

people are there from university B?

HI6ABm—AEI, MNEARFARKFEB. KFAHF—ZRERKFEBH 19
EREEF, RFAWE LEREFRPKFBOH20EREETF, KFANE =LK EF
RFBM2IaREABF. BHRBIFOAE, XFANRE —EREFKXFBHTAN
RAEF. FIRFBA SV AREK?

Answer: [47]

Solutions:

If n people are from university B, then 76 — n people are from university A. According to
the stipulated pattern, the number of people shaking hands with the last person, who is the

(76 — n)™ person, from university A is 76 — n + 18, and this is equal to n.

6—-—n+18=n

n =47
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Question J-19 [5 points]

There were six teams of students in a sports event. If a total of 183 gold medals were won by
these six teams, and the number of gold medals team A members won was the highest among
the six teams, more than any of the other five teams, what is the minimum number of gold

medals team A members had won?

HAIFAELAMEFHE, —ERmTI183 WL, WwREARALSNIT RIFR S 4,
P A B B T — NS, W ATAE Y ®iF 5 ) & 2t

Answer: [32]
Solutions:
1888

30 + —
6 +6

Hence, team A must win at least 31 gold medals.

If team A won 31 gold medals, each of the other five teams won at most 30 gold medals, then
the total number of gold medals would not exceed 181.

Hence, team A had to win more than 31 gold medals.

It can happen that team A won 32 gold medals, one of the other five teams won 31 gold medals,
and the remaining four teams won 30 gold medals each.

Hence, the minimum number of gold medals team A had won is 32.
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Question J-20 [5 points]

Liping wants to travel from town A to town B by bicycle to meet her friend Xiaomei. Based
on her previous experience, Liping knows if she bikes at a uniform speed of 10 km/h, she will
reach town B at 6 pm, an hour later than the appointment time. If she bikes at a uniform speed
of 15 km/h, she will reach town B at 4 pm, an hour earlier than the appointment time. What is

the uniform speed in km/h that Liping should travel so that she can reach town B just on time?

WAL A £ 2| T AL B A RO A RAE, HRBAEHZRT, WFE il
RIMAF D 10km 893 R KM E, WHATHF6 LB X THB, Y
B8 — AN B Ao RSB ISkm 493 DR E WS £, WEF AT 4 82T
B, ARG FEF—A DI de RWFEBEAEH RN B ATHAB, H2i%
VAEENBY % ) km 693 4 3R E B sk £ 9

Answer: [12]
Solutions:
Assume that the distance between town A and town B is s km, and the time from departure to

5 pm, the appointment time, is A hours. Then

S
S _h
o '
B A |
15
oh =2
6
h="
12

Hence, Liping should travel at a uniform speed of 12 km/h.
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Question J-21 [6 points]

How many ways are there to divide 6 people into two groups so that each group has 3 people?

H S VAT ETAF6MNAS R, HE3/MA?

Answer: [10]

Solutions:

First assume that the two groups are different. There are 6 ways to choose the first person in
the first group, 5 ways to choose the second person, 4 ways to choose the third person. There
are 6 X 5 X 4 = 6 x 20 ways to choose three persons in order. Since the order of choosing these
three people is not important, and there are 3 x 2 = 6 ways to order 3 things, there are only
20 ways to choose the first group. Now the two groups are indistinguishable. Hence, there are

only 10 ways to divide the 6 people into two groups, 3 people each.

Organized by XIAMEN UNIVERSITY MALAYSIA Page 21 of 32



CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2021 JUNIOR CATEGORY

Question J-22 [6 points]

) 8
If z is a real number such that 2> — 72 + 2 = 0, find the value of 2> + —-
xr

. . 8
FrAEHEAL P2 —Tr+2=0, £ :vg—l——gé‘]'fﬁo
x

Answer: [301]

Solutions:

r+-—=7
T
4
44+ — =49
€T
4
IL‘2+—2:45
T
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Question J-23 [6 points]

In the figure below, ZABC = ZADB = 90°. If AD =9, BC = 20, find BD.
THRY, ZABC = ZADB =90°, % AD =9, BC =20, K BD,

B

Answer: [12]

Solutions:

Let BD = z. Then CD = v400 — 22

AD BD
BD CD

9 B T

T /400 — 22

2% = 9vV400 — 22

2t = 81(400 — z?)
ot +812% — 81 x 400 =0
(22 =9 x 16)(2® +9 x 25) =0
v =9 x 16

r=3x4=12
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Question J-24 [6 points]

If m and n are positive integers such that 11m + 101n = 986, find the smallest value of m + n.

EmBon A EEHA1Im+ 10ln =986, Km+n 89w/ IME.

Answer: [16]

Solutions:

11m + 101n = 986
11(m + 9n) 4+ 2n = 990 — 4

2(n+2) =11(90 — m — 9n)

This implies that n + 2 is divisible by 11.

Writing n + 2 = 11k, with £ an integer, we find that
90 —m — 9n = 2k

m =90 —9(11k — 2) — 2k = 108 — 101k

Now in order that n = 11k — 2 is positive, we require that £ > 1.
In order that m = 108 — 101k is positive, we require that k£ < 1.

Hence, k=1, m=7,n=9,m+n = 16.
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Question J-25 [6 points]

Given the four-digit number 2ab3, we reverse the order of the two digits in the middle and form
the four-digit number 2ba3. Find the maximum possible value of 2ab3 — 2ba3, the difference

of these two numbers.

¥ 94z # 2ab3 &9 A AL F T AT R AT Bl WAL 20a3. KX A WAz 8
%, 2ab3 — 2ba3, #I®& KT Red,

Answer: [810]

Solutions:

2ab3 — 2ba3 = (2 x 10> +a x 10 + b x 10+ 3) — (2 x 10° + b x 10> + a x 10 + 3)
=100(a — b) — 10(a — b)
=90(a — b)

Since a and b are both integers that can take values from 0 to 9, the maximum value of @ — b is

9, which appears when a = 9, b = 0. Hence, the maximum value of a — b is 810.

Organized by XIAMEN UNIVERSITY MALAYSIA Page 25 of 32



CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2021 JUNIOR CATEGORY

Question J-26 [8 points]

In the figure below, D and F are points on AB and AC respectively. The lines C'D and BE
intersect at the point P. If the areas of the triangles PBC, PC'E and PBD are 7, 3 and 14
respectively, find the area of the quadrilateral ADPFE.

TEY, DEES B AABRACH Lty k, AXCDARBEMRXT &P, =
# PBC, PCE R PBD®@&@#aaMAT, 3% 14, KWiA# ADPE & @ #%,

Answer: [186]

Solutions:
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SAPDE . PD . SAPBD

— — =9
Sapce  PC  Sappc

Sappe =6

Saape  AD  Saacp

SABDE N BD B SABC’D

Saape  Saape +9

20 21
215AADE == QOSAADE + 180

Saape = 180

Sappr = 186
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Question J-27 [8 points]

Given that n is a positive integer and the greatest common divisor of 2n + 25 and 3n + 2 is

greater than 1, find the smallest possible value of n.

Chan A—EHELH, Hon+2553n+2 RXABERKT 1, Kndyg I Talh.

Answer: [23]
Solutions:

32n+25)—-2(3n+2)="T1

If d is the greatest common divisor of 2n + 25 and 3n + 2, d divides these two numbers, hence
it divides 71. Since 71 is a prime number, and d > 1, we find that d = 71. The integer solutions
to 3m — 2k = 71 must be of the form m = 71 4+ 2h, n = 71 4 3h for some integer h. Since
2n + 25 and 3n + 2 are divisible by 71, we find that

2n + 25 =71+ 2h

3n+2=71+3h

and h must be divisible by 71.

Hence, the smallest positive n appears when A = 0, so that n = 23.
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Question J-28 [8 points]

7
How many positive integers n are there such that {\/ 2n + §J = 7897

Here | x| is the largest integer less than or equal to .

7
HZVAEEZEnEZ V20 + 5| = 78972
] RAFRE T o 69 % K

Answer: [786]

Solutions:
7
L\/ 2n + §J =789
789 < \/2n+g < 790

1 1

1\2 1\2
N <92 —
(786 2) < n<(786+2)

1 1
7862—786+1§2n<7862+786+1

786% — 786 Ll<n< 7862 + 786
— n —
2 - 2

There are
7862 + 786 _ 7862 — 786

2 2

= 786

such integers n.
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Question J-29 [8 points]

Given that n is a positive integer and 27** + 2717 4 2" is a perfect square, find the value of n.

Csnn & —IERHKH 2T 4 2717 4 o & —F &, Knhyfh.

Answer: [718]
Solutions:
If1<n<T714,
9Tl | 9TIT 4 on _ on (1 19 x 2714771)

1 + 2™47" is an odd number.
Hence, for 2™ (1 + 9 x 2747™) to be a square number, n must be even, and 1 + 9 x 27477 g
the square of an odd number.
But 9 x 277" is a square number as well.
It is impossible to have two consecutive positive square numbers.
If n =714,
9Tl4 | 9TIT 4 on _ 1) o714

This cannot be a square number.
Ifn > 714,
2714 4 2717 + on _ 2714 (9 + 2n7714)

2714

If this is a square number, since is a square number, 9 + 2"~ "4 is also a square number.

9 + 2n7714 — m2
m2 — 9= 2n—714

(m —3)(m +3) = 2" "

Therefore, there exists nonnegative integers k and [ such that £ < [ and

m—3 =2k
m+3 =2
¢ —1) =6
Therefore, k = 1,1 = 3,
2n—714 — 16

Hence, n — 714 = 4 and therefore n = 718.
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Question J-30 [8 points]

There are six boys and six girls coming from three families, with each family having two
boys and two girls. They want to form 6 pairs of mixed doubles to take part in a badminton
tournament, each pair having one boy and one girl. If one of the rules of the tournament is
that the players in a mixed pair cannot come from the same family, how many ways can the six

mixed pairs be formed?

ARNBREARAZARE, BAREZF —J. MNBaARSHRR, H3—F —
%, £5mRNELRLRE, o R RN G ARG R TR AR —NEE, N
B %V A Ty ik T AR pRE < 3 IR ALY

Answer: [80]

Solutions:

Assume that the three families are family 1, family 2 and family 3.

There are two cases.

The first case is the partners of each boy from a family are the girls from the same family.

Namely, it can be that

e The boys from family 1 are paired with the girls from family 2, then the boys from family
2 are paired with the girls from family 3, and the boys from family 3 are paired with the
girls from family 1.

or

e The boys from family 1 are paired with the girls from family 3, then the boys from family
2 are paired with the girls from family 1, and the boys from family 3 are paired with the

girls from family 2.

Since there are two ways to pair the boys from family ¢ with the girls from family j, we find
that there are a total of 2 X 2 x 2 x 2 = 16 ways in this case.

The second case is the partners of each boy from a family come from different families.
Hence, to pair with the two boys from family 1, we need to choose a girl from family 2, which
has 2 ways, and a girl from family 3, which has 2 ways, and there are 2 ways of pairing. Then
to pair with the two boys from family 2, there are two ways to choose a girl from family 1, but
there is only 1 way left to pick the girl from family 3, and there are 2 ways of pairing. Finally,

for the two boys from family 3, they need to be paired with the remaining two girls, one from
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family 1 and one from family 2, there are 2 ways.
Hence, there are

(2x2%x2x2)x(2x2)x2=064
ways of pairing in this case.

This gives a total of 16 + 64 = 80 ways of forming the six mixed double pairs.
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