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Instructions and Information

AiXEEH 30 A4,

This paper contains 30 questions.

e FLIMEH 104, HFA, HA49.
Question 1 to Question 10, multiple choice questions, each question carries 4 marks.

e FIULMEH 30, FEA, HFMOEERE—ANAT0ZE 1000 Z 7] 64 53,
Question 11 to Question 30, short questions. For each question, the answer is an integer between 0
and 1000.

> F 1L EH 20 A4 5 5
Question 11 to Question 20, each question carries 5 marks.
> H21MEF 25 A 6 5
Question 21 to Question 25, each question carries 6 marks.
> % 26 M %E % 30 MAEHM 8 4
Question 26 to Question 30, each question carries 8 marks.
WEAFEHRNELNZTHATR 2B LFRNEEEMGEE, W TREFM, LIHRE A,
B, C, DREMEALEE, BFARBEN—NEE, GUUEHKL,
Please use 2B pencils to write your answers in the appropriate boxes provided on the answer sheet. For
each multiple choice question, please write A, B, C, D or E as answer. If more than one answer is found for
a question, no credits would be given for that question.
PR 69 B B BIE R, RAEAHBIZ A,
All the diagrams are not drawn to scale. They are intended as aids only.
AR EE, HFITE, FRRETHEE,
No calculators, maths stencils, mobile phones or other calculating aids are permitted.
EEEREFRBERL, FEBT, FREMBHIEF R,
Write your name, candidate number, name of school and year of study clearly on the answer sheet.
EREXZIMSRILRTIEZE, 7 T AT F KT HEEE
Do not open this question booklet until you are told to do so.
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~~ BLEA ~~

~~ Notes ~~
EEREF, X |AFDTFRFF xR REHR.
Blda: [2]=2, |-2|=-2, [26]=2, |-26]=-3,
In this paper, ij denotes the largest integer less than or equal to x.
For example, |2|=2, |-2|=-2,]26]=2,|-2.6]=-3.

FL1EF 108, 2B, HA 45
Question 1 to Question 10, multiple choice questions, each question carries 4 marks.

1. K—E24AHHF—NA AL
Find the degree of each internal angle of a regular 24-gon.

A. 150° B. 156° C. 165° D. 168° E. 170°

Each internal angle has degree % =165°.

ANSWER: [C]

2. K5UHRAT @RI

Find the remainder when 5% is divided by 7.

A 2 B. 3 C. 4 D. 5 E. 6

5'=5mod 7
5°=4mod 7
5°=6mod 7
5*=2mod 7
5° =3 mod 7
5°=1mod 7

5% =551 =5 mod 7

ANSWER: [D]
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3. THY, POQRSREHH, K, L, M, No#£PQ, QR, RS, SP#& ¥ &,
PKN, QKL, RLM, SMN ZgEf, &PQ=6, KM= 5 @ir,
In the figure below, PQRS is a square. K, L, M, N are respectively the midpoints of PQ,
QR, RS and SP. PKN, QKL, RLM and SMN are circular sectors. If PQ=6, find the
area of the shaded region.

M

S R
N L
P K Q
A. 27 B. 36-6r C. 367-36 D. 187-36 E. 36-97

The sum of the areas of the four sectors PKN, QKL , RLM and SMN is the area of a circle
with radius 3, whichis 97 .
Hence, the area of the shaded region is 36 -9 .

ANSWER: [E]

4, Bde X+y—4+2x-y+7=0, Kx+2yfi,

Given that \/x+y—4+./2x—y+7 =0, find the value of x+2y.
A 9 B. 11 C. 13 D. 15 E. 17

Since szo and /2x—y+7 >0, we find that
X+y—-4=0and 2x—y+7=0

This gives x=-1, y=5.

Hence, x+2y=9.

ANSWER: [A]
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5. &4 AABCAZ4A=FAR, AB=15, BC=8, AC=x, HxZ¥H, Kx®9KR KT

F]b'fﬁo
Given that AABC is an acute-angled triangle with AB=15, BC=8 and AC =x. If x isan

integer, find the largest possible value of x.

A. 16 B. 17 C.18 D. 20 E. 22

x? =15% +8%-2x15x8xcos B

Since 0°< /B <90°, we find that cosB >0.

Hence, x* <15° +8% =17°

Therefore, x<17.

Since x is an integer, the largest possible value of x is 16.

ANSWER: [A]

6. CaFHE—RBRAGWEFALX+Y=3, Xx+y=11, y=0R& y=xFrBm. K

X 3% 69 & 2,
Given that R is a region in the plane enclosed by four lines x+y=3, x+y=11, y=0 and

y = X. Find the area of this region.

A. 14 B. 142 C.28 D. 282 E. 56

The region R is the trapezium ABCD.

3 11 8
AD=$, BC_\/E CD_ﬁ
3 11
Hence, the area of the trapezium is */5 ‘/E
JE
ANSWER: [C]
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7. T 201 52019 2 1A ey %3, A % VA RE 32
Among all the integers between 201 and 2019, how many of them end with the digit 3?

A. 181 B. 182 C. 183 D. 184 E. 185
Among the integers between 201 and 2019, those end with digit 3 are

203, 213, 223, ---, 2013
There are 201—-20+1=182 of them.

ANSWER: [B]
8. 4o X :l, y :l’}ﬁ24x+36y+4820
X+y+z 3 X+y+z 4 X+Yy+z
Given that 1 and y zl.Find 24x+36y+482_
X+y+z 3 X+y+z 4 X+y+2
A. 34 B. 35 C. 36 D. 37 E. 38
B\ S |
X+Yy+1z X+Y+2Z X+y+1z
_ 11
3 4
_>
12
2Ax+ 30+ 482 _ p4xl 1 36x T+ 48x >
X+Yy+z2 3 4 12
=8+9+20
=37
ANSWER: [D]
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9. w»TFTHEM*, A, B, C, DEALW ., A&XAC5BDHXTEE. % AE=60,
CE=70, BD=134, BE>DE, KBE#K,
As shown in the figure below, A, B, C and D are four points on the circle with lines AC
and BD intersecting at the point E. If AE=60, CE =70, BD =134, BE > DE, find the

length of BE.
C
D
B
A
A. 68 B. 70 C. 72 D. 80 E. 84
C
D
B
A
ZADB = Z/ACB, #/DAC = /DBC, .. AADE ~ ABCE
AE _DE
BE CE

If BE=x, then DE =134—x,

X (134 —x)=60x70=4200
x* —134x+4200=0
(x—50)(x—-84)=0

Since BE > DE , we find that BE =84.

ANSWER: [E]
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10. TEY, AMMBCRAA=/AN, /BAC=90°. M ZBCH#+ %, PAZAB L&— 54
HPMEATAM., &4 AB=96, AC=72, KBP# K,
In the figure below, AABC is a right-angled triangle with /BAC =90°. M is the midpoint
of BC, and P is a point on AB such that PM is perpendicular to AM . Given that
AB =96, AC =72, find the length of BP.

A

A. 20 B. 21 C. 22 D. 23 E. 24

AB=4x24, AC=3x24.Hence, BC=5x24=120.
AM = 1 BC =60.
2
/MAB = ZMBA
Therefore, AMAP ~ AABC .
AP AM
BC AB

AP = @ x120
96

=75
Hence, BP=96-75=21.

ANSWER: [B]
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F1LEF 208, FEAE, HFE59.
Question 11 to Question 20, short questions, each question carries 5 marks.

11, TR, —A<af (BRRALSRERBATAKR) 5—AMKFH (BREKB 5EKC AT

ﬁ&)ﬁﬁo§%~%%B%@a5%Aﬁm%@R%%,ﬁ&%&&ﬁ%@a%

%O%EﬁA%@ﬁﬁzﬁc%@az%%%,ﬂ¢m5n%ﬁﬁ%i%ﬁ,i
m+n &4,

In the figure below, a hexagon (made up of region A and region B) and a rectangle (made

up of region B and region C) overlap. The overlapped region B is 2—3;) of the hexagon, and

% of the rectangle. If the ratio of the region A to region C is m, where m and n are
n

relatively prime positive integers, find the value of m+n.

S,:5;=17:3

Sg:S.=2:15

Hence, S,:S;:S. =34:6:45
S, 34

~A
S. 45
m=34, n=45, m+n=79

ANSWER: [79]
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12. E4ox=4+13, y=29-452, >T<Lx6y3jéﬁfﬁo
Given that x=4++/13 and y=29-4/52, find the value of | x°y* |.

Notice that
(4-I3) =16+13-4x2J13
=29-452
Therefore
x°y® :(4+x/1_3)6 (4—«/1_3)6
=(16-13)°
=3°
=729

ANSWER: [729]
13. K 7289078 ERHZ A=,
Find the sum of all positive factors of 72.

72=2°x3
Expand (1+2+ 2% +2°)(1+3+3") will give the sum of all positive factors of 72. Hence, the
sum is 15x13=195.

ANSWER: [195]
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14.

15.

16.

1 1 1 1 1 1
— =t —t+—+— |
15 24 35 48 63 80)

K 1080 x (— +

Find 1080 x i+i+i+i+i+i .
15 24 35 48 63 80

1080x| Lyt 1,1, 1
15 24 35 48 63 80

2 2 2 2 2 2}

=540x + + + + +
3x5 4x6 5x7 6x8 7x9 8x10

111111111111
=540x| ===+ -+ -S4
3546 57 6 8 7 9 8 10
YT
3 4 9 10
=180+135-60-54
=201

ANSWER: [201]

HEIATETANR 8 X —HNEFL 5L, FAZVF2X?
How many ways are there to distribute 8 identical pens to 3 students so that each student
will get at least 2 pens?

First we give each student 2 pens. Then for the remaining 2 pens, we can give both of them
to one of the students among the three, which has 3 ways; or we can give the two pens to
two of the three students, each one getting one pen, and there are another 3 ways.

Hence, there are 6 ways in total to distribute the pens.

ANSWER: [6]

800 1z % £ 5 H K, K 193 AKFARFM, 121 AFEETRBA, 138 ARF R A,
A BAEAY T AR S R ILA?

800 students took part in an examination. 193 of them failed Mathematics, 121 failed
English, and 138 failed Science. At most how many students passed all these three subjects?

In the best case scenario, the students that failed English or Science also failed Mathematics.
Therefore, at most 800—-193 =607 students passed all the three subjects.

ANSWER: [607]

JZ TR EE R PG B E 5 Page 9
Organized by XIAMEN UNIVERSITY MALAYSIA



2019 F A A F FHF LR W 40
CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2019 INTERMEDIATE CATEGORY

17. €4 f R —BBARFT FHAGFH X, f(768-x)-f(x)=x-a, HE+at—%F %
X atyih,
Given that f is a function such that for all real numbers x, f(768-x)-f(x)=x-a,

where a is a constant. Find the value of a.

Replace x by 768—x, we find that
f(x)-f(768—x)=768-x—a
Therefore,
X—a=X—-768+a
2a =768
a=2384

ANSWER: [384]

18. H % 3t E# R (X, y) i#h & bx+13y =1001?
How many pairs of positive integers (x, y) satisfy 5x+13y =1001?

5x+13y =1001
13y=1001 mod5
3y=1 mod 5

Hence, y=2 mod5

y =5k +2

5x =1001—-13(5k +2)
=975-13x5k

x=195-13k
Since x>0, y>0, wefindthat k>0, k<14.
There are 15 pairs of positive integers (x, y) that satisfy 5x+13y =1001.

ANSWER: [15]

JZ TR EE R PG B E 5 Page 10
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19. Ex5yRENEHR, K
f(xy) =(28x+63y)(1+1j
Xy
a9 R VT AR AR,
If x and y are positive real numbers, find the smallest possible value of

f(x, y):(28x+63y)(%+%j

f(xy)= (28x+63y)(1+1j

Xy

—28+63+28>+63Y
y X

>091+2 /28§x63X
y X

=01+2x2x7x3
=175

ANSWER: [175]

20. x5y REHKHAX>Y, x+y=14, xy=12, *x%%éﬁﬂﬁo

Given that x and y are real numbers such that x>y, x+y=14 and xy=12, find the

value of x? +@.

X

x(14-x)=12

x* =14x-12
x® =14x* —12x
—14(14x—12)-12x
=184x-168
168

X2+ =184
X

ANSWER: [184]

JZ TR EE R PG B E 5 Page 11
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F20ER 2B, P&, 65,
Question 21 to Question 25, short questions, each question carries 6 marks.

b c ab ac bc abc
+ - + 9
Ial [b] [c| [ab] [ac| [bec| [abc]

21. Z47a, b, cHAIERWHK, KN=128—

AT AR AR,

Given that a, b, c are nonzero numbers, find the smallest possible value of
b ¢ ab ac Dbc abc

Ial [b] Je] [ab] " Jac| [be| " Jabe|’

N =128-

b c ab ac bc abc
+ - +
Ial [b] [c| [ab| |ac| [bc| [abc]

ke G G

X
For any nonzero X, ﬂ is 1 if xis positive, and ﬂ is —1 if xis negative. Therefore,
X X

N =128 -

1+— canonlybeOor 2.

The smallest possible value of N is 127+0=127, which occurs when a and c are positive,

b is negative.

ANSWER: [127]

JZ TR EE R PG B E 5 Page 12
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22. &4ma>b>1H + =+/10205, K - ST
log,b log, a log,,b log, a
Given that a>b>1 and + ! =+/10205, find the value of — .
log,b log,a log, b log, a
1 1
X = -
Iogab b Iogab a
_logab logab
logbh loga
_loga+logb loga+logh
logh loga
_loga logb
logh loga
loga | logb _ 75705
logh loga
2
i —|loga logb | ,
logb loga
=10201
=101?
x =101

ANSWER: [101]

23. K% J X (X)=x"—2019x+ 2019 F& A X—2 89 & &Ko

Find the remainder when the polynomial f (x)=x"—2019x+ 2019 is divided by x—2.

Let
f(x)=(x-2)q(x)+r
where q(x) is the quotient when f (x) is divided by x—2, and r is the remainder.
Putting x =2, we have
r="7(2)
=2"-2019%x2+2019

=2048-2019
=29

ANSWER: [29])

JZ TR EE R PG B E 5 Page 13
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~ ~

~
2. TH+¥, A, B, C, DAR LYW E, AB=BC=CD . # LAEC=44° ,
/ACD=x°, KXo

AN N /N

In the figure below, A, B, Cand D are four points on the circle and AB=BC =CD. If
ZAEC =44°, /ACD=x°, find X.

B A E

C
ZBAC =(44+X)°.

N

AB=BC = ZBCA=ZBAC=(44+X)°

N

AB=CD = AB=CD
ZABC = Z/DCB = (44+2x)°

44+ X+ 44+ X+ 44+ 2x =180
4x =48
x=12

ANSWER: [12]

JZ TR EE R PG B E 5 Page 14
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25. &m—%3la, a,, --#MEXAa =1, AxFnx1l,

a

n

1+ 2na,

a'n +1

o1
K

R G ALK,

a'2019
Given that a sequence of numbers a,, a,, --- is defined by a, =1, and for all n>1,

a

n

“1+2na

n+1

Find the last three digits of L :

a2019
Notice that
L1
a‘n+1 a‘n
Hence,
i 1+ 1 1+ 1 1 1
a2019 ai a2019 a2018 a2018 a2017 a2 a1
= 2><(2018+ 2017+---+1)
=1+2018x2019
a2019
=1+18x19 mod1000
=343 mod 1000
ANSWER: [343]
JZ TR EE R PG B E 5 Page 15
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F26EF 30, FEME, FE85.
Question 26 to Question 30, short questions, each question carries 8 marks.

26. %N A E ﬂgHgHangg_na@ﬁdv@ﬁmﬁo

If n is a positive integer, find the smallest possible value of EJ +EJ +EJ +799-n.

If n=0 mod6, n=6k,

EJ+EJ+EJ+799—n:3k+2k+k+799—6k:799.

If n=1 mod6, n=6k+1,

e e 709 - n = 3Kk + 2k + K + 799 — 6k —1 = 798.

12] | 3] |6

If Nn=2 mod6, n=6k+2,

n n n

— |+ = [+ 5 +799-n=3k+1+2k+k +799-6k -2=798.

If n=3 mod6, n=6k+3,

n n n

— |+ = |+ 5 +79-n=3k+1+2k+1+k+799-6k-3=798.
If n=4 mod6, n=6k+4,

n n n

5 +| = |+ 5 +799-n=3k+2+2k+1+k+799—-6k —4=798.
If n=5 mod6, n=6k+5,

n n n

5 + 3 + N +79-n=3k+2+2k+1+k+799-6k -5=797.

Therefore, the smallest possible value is 797.

ANSWER: [797]

JZ TR EE R PG B E 5 Page 16
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27. &, a,, -, a,TEELHH
a?+(2a,)" +(3a,)" +(4a,)" +(5a;)" +(6a,)" +(7a,)" +(8a,)" +(9a, ) +(10a,,)" = 405
Ka +a,+a,+a,+a,+a,+a, +a; +a, +a, IR T REAE,
Giventhat a,, a,, ---, &, are positive integers such that
a? +(2a,)" +(3a,)" +(4a,)" + (58 )" +(6a,)" +(7a,)" +(8a,)" +(9a, )" +(10a,,)" = 405

Find the smallest possible value of a, +a, +a,+a,+a;,+a;+a, +a;+a, +a, .

1?+2°+3+---+10° =385
Hence,
(af -1)+2° (8] —1)+---+10° (af, 1) =20
Since &’ —1>0 forall 1<k <10,and &/ -1>3 if a, >2
we find that a, =a,=---=a,, =1, and
a’ +4a; =25
This only has the solution &, =3 and a, =2.

Hence, the smallest possible value of a +a, +a,+a, +a,+a, +a, +a; +a, +a,, 1S 13.

ANSWER: [13]

JZ TR EE R PG B E 5 Page 17
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28. Cdmm A EFEL A AKX X +2(m+14) x+(120m +99) = 0 49 AAMARAR 2 4, Km#)
BT RE R
Given that m is a positive integer such that the two roots of the equation
x* +2(m+14)x+(120m+99) =0 are both integers, find the smallest possible value of m.

The two roots must be both negative integers. Let them be —a and —b, where a>b>0.
Then
a+b=2(m+14)
ab=120m+99
Since 120m+99 is an odd number, both a and b must be odd numbers. This implies that

c= a_;b must be a positive integer.

C2 _(a_bjz
2
2
{22«

=m’ +28m+196-120m—99
=m?-92m+97
=(m-46)" —2019
Hence,
(m—-46+c)(m-46-c)=2019
Since the prime factorization of 2019 is 3x673, and m—46+c>m-46—c, we can only
have the following cases:
m—46+c =2019
{ m-46-c=1
m-46+c=-1
{m -46-c=-2019
m—46+c=673
{ m-46-c=3
m-46+c=-3
{m—46—c:—673
Since m is a positive integer, m can only be 1056 or 384.
Hence, the smallest possible value of m is 384.

ANSWER: [384]

JZ TR EE R PG B E 5 Page 18
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29. L4k £S={1,23--,2019} 2 H 1 £ 2019 89 FT A EHEBITA M E S FHEM—A
04 10 MAEYSHTELSHROERNMEFHa5bEF|a-b|<k, Kkayw ]
T Re A
Given that S ={1,2,3,---, 2019} is the set that contains all positive integers from 1 to 2019.

If any subset of S with 10 elements must contain two distinct numbers a and b with
|a—b|<k, find the smallest possible value of k.

Let A be asubset of S that contains 10 elements. Assume that its elements are given by a,,

a,, -+, a, inascending order. If ‘ai —aj‘ >m for all distinct i and j, then

a,—8,=m+1
ag—ag=m+1

a-a=>m+l
Hence,

2018>a,,—a, =9(m+1)
m+1<224

m <223
Therefore, the smallest possible value of k is 224.

ANSWER: [224]

JZ TR EE R PG B E 5 Page 19
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30. == FTHEFT=, AABCY¥, D. E. F4AlZBC. CARAB E&y =, XK AD 5%
BBEMX T AU, REABESAKCFARXT AV, RKCF 55X AD AT AW,
BU=UE, CV=VF, AW=WD., #CD=22, BD=x+\/§, HIx Ry A= EE
Hy RE-FFHHK, Kx+yayih.

As shown in the figure below, in AABC, D, E, F are respectively points on BC, CA and
AB . The line segment AD intersects the line segment BE at point U, the line segment

BE intersects the line segment CF at point V , and the line segment CF intersects the line
segment AD at point W . Given that BU =UE, CV =VF, AW=WD andCD=22. If

BD = x+\/§, where x and y are integers and y is not a perfect square, find the value of
X+Y.

et 2_, CE_5 AF_
CO 'EA ' FB

If the area of ACUD, denoted by S, is a, since BD_ a,then S, =ca.

If S,z =b,since BU =UE, then S,, . =b.
Since BU =UE, S,qe =S,suc =(a+1)a.

_BD S, b+aa
CD S, b+(a+2)a

Now, o

JZ TR EE R PG B E 5 Page 20
Organized by XIAMEN UNIVERSITY MALAYSIA



2019 F A A F FHF LR
CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2019

LV
INTERMEDIATE CATEGORY

ab+a(a+2)a=b+aa
a(a+l)a=(1-a)b

Hence, ﬂzc—Ez—SACUE :(a+1)§:—1_a
EA S, b«
Using the same reasoning, we find that y = 15 L= 1=y
e

This gives y = 2a—11 g=273%

l-a 200 -1
From this, it follows that 2a° + 2 —2 =0

~1+5
a =
2
X-+4Jy =22x _1+2‘/§ = —11++/605

Hence, x=-11, y=605, x+y=594.

ANSWER: [594]
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