CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2021 INTERMEDIATE CATEGORY

Question M-01 [5 points]

1 8
If a, b and c are positive integers such that a + —1 = 3 find the value of c.
b+ —
C
. a vy e pe 1 68 .
Fa, b R c REEFIFESF a+—7 = L K 8948,
b+ —

c
Answer: [3]
Solutions:

1
Since 0 < —T < 1, we find that ¢ = 5.

b+ -
C

Therefore, b = 4 and ¢ = 3.
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Question M-02 [5 points]

Given that the positive integer N is divisible by all the prime numbers that divide 2016, find

the smallest possible value of N.

Lo EHEHK N REAPTA AL TR 2016 69 KR, K N 69T R,

Answer: [42]

Solutions:

2016 = 2° x 32 x 7

The smallest possible value of N is 2 X 3 X 7 = 42.
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Question M-03 [5 points]

In a mathematics competition, the ratio of the points scored by Ailan to the points scored by
Beiling is 4 : 3, the ratio of the points scored by Beiling to the points scored by Dingdang is
also 4 : 3. If the total points scored by Ailan, Beiling and Dingdang is 259, find the points
scored by Dingdang.

B—REFERYF, RZMRNO2HE N LR r KA1 3, NEAFHIHK

5T S iF0 R Z b2 4: 3, BRAVZAFTIFH SR Z A2 259, KT L0 %K,

Answer: [63]
Solutions:
The points scored by Ailan, Beiling and Dingdang are in the ratio 16 : 12 : 9.

Hence, the points scored by Dingdang is

9

WO x — - =
“16+12+9

63.
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Question M-04 [5 points]

In the figure below, AB is the diameter of the circle, P, ), R, S are points on the circle so that
AP =PQ =QR=RS = SB.

If /RAS = «°, find x.

TEY, ABRRAERZ, P, Q, R, S £ L&y 2417
AP=PQ=QR=RS=S5B

%/RAS =zx°, Kuzo

Answer: [18]

Solutions:

Let O be the center of the circle.

/AOP = /POQ = ZQOR = ZROS = ZSOB =

Therefore,

ZRAS = %AROS = 18°.
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Question M-05 [5 points]

As shown in the figure below, ABC'D is a square. The midpoints of the sides of ABC'D are
joined to form the square A, B;C D1, the midpoints of the sides of A;B;C}D; are joined to
form the square A, BoC5Ds. This process continues to form the squares A, B, C, D, n > 1.
If the area of the square ABC'D is 2048, find the area of the square AgBgCsDg.

TR AT, ABCDRZ —ANETFH . ¥ ABCD BN 69+ &AL R# T2 E T
75 AiB1C1Dyo ¥ A1BiC1Dy &1 89 % & E AL R AT B IE T 5 AyByCoDyo AT E A
AR VUFE EGH A,B,C,D,, n > 1. & EFH K ABCD & & A2 2 2048, K E7
7 AgBsCsDg 89 #1 4R o

Cy
D C
Dy B
A A B

Answer: [32]

Solutions:

The area of A, B,,C,, D,, is half of the areaof A,,_1B,,_1C,,_1D,,_1. Hence, the area of Ag BsCsDsg
is

1
2048 x % = 32.
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Question M-06 [5 points]
Let N = /20212 — 20202. Find the integer closest to V.
"N = /20212 — 20202, KR L N 69 EH
Answer: [64]
Solutions:
N = 63.57
Hence, the integer closest to |V is 64.
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Question M-07 [5 points]

The faces of a cube with side length 10 is coloured red, and then the cube is dissected into 1000
small cubes with side lengths 1. Among the small cubes, how many of them carry at least a red

face?

F— AR A 1089 27 R K@ik LGB, HFA 1000 MAKA LH D2k, &
BN SR, HIUA 2R E Y A — @itk b 6

Answer: [488]
Solutions:
Among the 1000 small cubes, 8 = 512 of them which are in the inner layer do not have any

face coloured red. Hence, the number of small cubes that carry at least a red face is

1000 — 512 = 488.
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Question M-08 [5 points]

In the figure below, AP : PB =9 :7, AQ : QC = 4 : 5. Given that the areas of AABC and
AAPQ are S; and S, respectively. If S} and S, are integers, find the smallest possible value
of 51 + SQ.

THEY, AP: PB=9:7, AQ : QC =4 : 5. &% AABC R AAPQ & & R5 A
7\1‘751 &SQ, ﬂ_Sly\SQ%B?%%ﬁ, /‘J"\S1+SQ€’/J}}%’J‘T’T5E{§.°

A

Answer: [5]

Solutions:

S, %xAPxAstinA

%XABXAC’XSinA

9
— X
16

1
1

O W~

When S + 55 is smallest, S; = 1 and S; = 4. This gives the smallest possible value of S} + S5
to be 5.
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Question M-09 [5 points]

If x is a positive number such that vz + 582 + /= + 1 = 83, find the value of

Vi +582—+vVr+1.

ChoEd o HRTAX Ve +582+Vr+1=83, K Vo+582—Va+1 t9fh,

Answer: [7]

Solutions:

(\/x+582—|—\/x+1> (\/x+582—\/x+1> — 581

<\/x+582—\/x+1> :%:

7
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Question M-10 [5 points]

A cube and a sphere have the same surface area. If the volume of the cube is 1/, the volume

o\ 2
enclosed by the sphere is V5, find 7 (72) .
1

"/l\iﬁgi‘\%u'—*iﬂiﬁifﬂlﬂéﬁ%@ﬁm o B 7 ARG Z TV, KRR EV,,
v (V2
*”(m)°

Answer: [6]
Solutions:

Let the side length of the cube be a, and the radius of the sphere be r. Then

6a® = 4mr?
a\? 2w
) -%
4 4\ ?
3\ 37" 16 , 27
ﬂ(ﬁ) =<5 =357 x@:6
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Question M-11 [5 points]

N students are sitting in a classroom that has 100 seats. A teacher asks some questions and find

1 1 1
out that 3 of the students are females; 3 of the students wear glasses; 1 of the students do not

1
have calculators; - of the students do not speak Chinese. Find the value of N.

ﬁNﬁ?iﬁE*@ﬁMM&@&%ﬁiﬂo%WMT*%M%B,K%ﬁ%%#
i%#i,%%#iﬁﬁ%%,i%#i&ﬁﬁﬁm,%%iiiéﬁﬁﬁoiN%
1,

Answer: [84]
Solutions:

N must be a common multiple of 2, 3, 4, 7 that is less than 100. Hence, N is 84.
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Question M-12 [5 points]

Among the positive integers less than 1000, how many of them are divisible by 6 but not by
15?

DT 1000 09 EEHF, A S VAT A 6 Bk, 1BRaEH 15 k9

Answer: [133]

Solutions:

Integers that are divisible by 6 and by 15 are those that are divisible by 30.

Among the positive integers less than 1000,

166 of them is divisible by 6.

33 of them is divisible by 30.

Hence, the number of integers that are divisible by 6 but not by 15 is 166 — 33 = 133.
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Question M-13 [5 points]

Find the sum of the digits in the number 10'*" — 101.
K 10" — 101 ZAK A EAZHF Z A,

Answer: [908]

Solutions:

The number 10'®" — 101 contains 101 digits, each of the first 98 digits is 9, the last three digits
are 899. Hence, the sum of the digits is 100 x 9 + 8 = 908.
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Question M-14 [5 points]

If x and y are real numbers such that z + 2y = 5 and 322 + 7Txy + 2y? = 100, find the value of
42 + o2

EFax By REHFKH x4+ 2y =5, 322+ Toy + 2y% = 100, K42 +¢? 4914,

Answer: [197]

Solutions:

322 4 Ty + 2y% = 100
(3z + y)(z + 2y) = 100

3r+y =20

This givesz =7,y = —1,
4a* + y? = 197.
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Question M-15 [5 points]

Lingling travelled on a bicycle from town A to town D, passes through town B and town C.
From town A to town B, she travelled at a uniform speed of 12 km/h for 30 minutes. From town
C to town D, she travelled at a uniform speed of 9 km/h for 1 hour. Given that she travelled at
a uniform speed of v km/h from town B to town C, and this speed is also the average speed of

the whole journey, find the value of Gv.

KB E AN AAR D, P 2T ABAC, ANDAARNAB, dbdHE
B 122 a9 R AT 30540, ADLCENVAD, HAE 9N Z R R
BT 1, Chebb R AN AR GREENMABIEAC, miXLEZH
AAEE-FHRE, K6v #91{E.

Answer: [60]
Solutions:

Assume that Lingling spent h hours on the journey from B to C. Then

1
12><§+9><1+vh

1 =
—+14+h
S+H1+
3
15+vh:§v+vh
v =10

6v = 60
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Question M-16 [5 points]

The figure below shows a large equilateral triangle A ABC' with base BC, and five small equi-
lateral triangles with bases BD, DE, EF, F'G and GC respectively. If the perimeter of AABC

is 219, find the sum of the perimeters of the six equilateral triangles.
TR TA—NABC AR KFAL=ZAN AABC, UREN3HVABD, DE, EF,

FGAGC AR INFA=ZAR. H#AABCHREAKAZ219, KANFAZABGREK
Z A,

Answer: [438]
Solutions:

The sum of the perimeters of the six equilateral triangles is

3x(BC+BD+DE+EF+FG+GC)=6x BC =2x219 =438
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Question M-17 [5 points]

Given that o and 3 are the two roots of the equation 22> — 119x + 17 = 0, find the value of

a p
3o

Cora R fARFAZR 22 — 1192 + 17 = 0 89 A ANAE, 1&%+§ #9148 o

Answer: [831]

Solutions:
2 2

a N é _a+ 15}

B« af
_(a+8)? —2a8
— e
1192 -2 x 17
B 17
=831

Organized by XIAMEN UNIVERSITY MALAYSIA Page 17 of 35



CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2021 INTERMEDIATE CATEGORY

Question M-18 [5 points]

Given that x is a real number, find the smallest possible value of

e —1| + |z —2| + ... + |z — 49| + |z — 50].

)
M

P
&
W

s
e —1] + | =2| + ... + |z —49] + |z — 50
89 3R VT A AEL.

Answer: [625]

Solutions:
Ifz <1,
fl@)=lz =1 + |z —=2| + ... + |z —49| + |z — 50|
=]l—-z+2—z+...+50—2x
>04+1+24+...+48 +49
_49><50
2
If x > 50,

fl@)=lz =1 + |z —=2| + ... + |z —49| + |z — 50|
= —14+x—-24+...+2—49+ 2 —50

>49+48+...+1+0

49 x50
2

Forl <n <49,if n <z <n+1, then

fl@)=lz =1 + [z =2[ + ... + |z —49] + |z — 50|
=r—1l+z—-2+...+z—n+n+1—2)+...+49 -2 +50 —x

=20 —50)z 4+ (14+2+...4+50) —2(1+2+...+n)

50 x 51

—=(2n — 50)x + —n(n+1)

Therefore, if n < 24, f(z) is decreasing in the interval n < n < n + 1.

If n > 26, f(z) is increasing in the interval n < x < n + 1.
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f(z) has constant value when 25 < z < 26.
This implies that f(z) has minimum value
50 x 51
—— — 25 X 26 = 625.
2
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Question M-19 [5 points]

As shown in the figure below, there are multiple rows of congruent triangles inside a large
triangle. The positive integers are filled into the small triangles from left to right, row by row,
starting from the first row on the top. If NV is the 2021" integer from the left on the 2021" row,

find the last three digits of N.

de TR T, —ANAKEZABPARSZITIOEF AT, FEEHENIN=ZATF,
HME@E T, BT EHAR LGN FHE, 52021768 %2021 A% AN,
}ﬁN éﬁﬁ}éi'{ié’ o

/I\
[N/
NN/

Answer: [421]
Solutions:

The last integer at the end of the 2020 row is
1+3+5+...4+(2x2020 — 1) = 2020°
Therefore,
N =2020” + 2021 = 4082421

The last three digits of NV are 421.
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Question M-20 [5 points]

In the figure below, AABC' is an equilateral triangle. The larger circle is inscribed in the
triangle, and the smaller circle is tangent to AB, AC and the larger circle. If the area of the

larger circle is 2079, find the area of the smaller circle.

TEY, AABCREAN =N, KAR=ZAMBMAWERE, ® I RBM»HNE5 AB, AC X
RAad7, & KRG &@ARA 2079, K )EG @A,
A

Answer: [231]

Solutions:

v’/

|
[
|
|
|
B M
Let the radius of the smaller circle be ()S = r, the radius of the larger circle be PR = a. Then

PQ =r + a,
AQ =2r,
CM =CR = V/3a,

AM =3a = 3r + 2a.
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Hence, we find that a = 3r.

1
Therefore, the area of the smaller circle is 9 of the area of the larger circle, which is 231.
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Question M-21 [6 points]

As shown in the figure below, ABC' D is arectangle. F isapointon ABwith AE : EB =1:2,
Fis apointon CD with CF : FD = 1 : 3. The line DF intersects the diagonal AC' at the
PQ

point P, and the line E'F intersects AC' at the point (). Find 840 x YTk

THY, ABCDRZ—"NKFHMH. EAAB LW — &/ AF: EB=1:2, FACD L
— e EFCF :FD=1:3, A% DE 53 A% AC X TE&P, mAXEF 5 AC

. . P
T & Qo 3&84O><Ago
F
D C
)
P
A E B
Answer: [270]
Solutions:
1
AE—gAB:—C’D
1 1
F=-CD=-AB
¢ 40 4
AP AEF 1 1
pc - cp 3P =34C
cQ _Cr _3
AQ AE 4
CQ:%AC’
1 3
PO=(1—--—=|AC
o= (1-3-9)
PQ
4 — =2
8O><AC 70
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Question M-22 [6 points]

140 140
If n is a positive integer such that I "t is also an integer, find the largest possible
n — n
value of n.
IR v e e 140 140 o N . o -
FEn A — EERAEF i EA—ANEH, K n R KT
n — n

Answer: [6]

Solutions:

140 140 280
n—1 n+1 n2-1
factors of 280 in descending order are 280, 140, 70, 56, 40, 35, ..., we find that 281, 141, 71,

is an integer, then 280 = 23 x 5 x 7 must be divisible by n? — 1. The

57, 41 are not square numbers but 36 is. Hence, the largest possible value of n is 6.
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Question M-23 [6 points]

Given that each interior angle, measured in degrees, of a convex 17-gon is a positive integer,
and «, (3, y are three of its interior angles. If & + 5 + v = 2°, find the minimum possible value

of x.

Ch—O+ LA HGE—NNAGERNREEES, Ha, 8, v LCHEF=AHA
HEHK. & a+B+y=2°, Ko 69& )T AL

Answer: [194]
Solutions:
The sum of the interior angles is 15 x 180°. Every interior angle must be less than 180°, and

hence must be at most 179°. Therefore,

a+ [+ >15x180° — 14 x 179° = 194°.
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Question M-24 [6 points]

Given that a, b, ¢ are real numbers such that ¢ + 2b + 3¢ = 98, find the minimum value of

a? 4+ b* + 2.
Cdra, b, cZEHKH a+20+3c=98, Ka?+b>+c & IME.

Answer: [686]
Solutions:

Consider the quadratic polynomial

f) =(t+a)*+ (2t +b)> + (3t + ¢)?
=14t + 2t(a + 2b + 3¢) + (a® + b* + ¢?)
=14t + 196t + (a® + b* + ¢?)

=14(t + 7)? + (a® + b* + ¢*) — 686

By definition, f(¢) > 0 for all t. Hence, a? + b + ¢* — 686 > 0.
Equality can appear whent = —7,a =7,b = 14, c = 21.

Hence, the minimum value of a® + b + ¢? is 686.
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Question M-25 [6 points]

In the figure below, AD bisects Z/BAC, C'E bisects ZAC'B. AD and C'E intersect at the point
P. Given that AB = 12, BC =9, AC = 8. If AP : PD = m : n, where m and n are

relatively prime positive integers, find the value of m + n.

TRY, AD ¥4 LBAC, CE ¥4 LACB, AD 5CE #ax T % P, s AB = 12,
BC =9, AC =8, TmFkn RANERGEEHAEFAP: PD=m:n, Em+n
#8918,

A
E
B D C
Answer: [29]
Solutions:
BD AB 3
DC  AC 2
2 18
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Question M-26 [8 points]

Find the area of the region in the plane defined by the inequalities |3z — 7Ty| < 84 and
13z + Ty| < 84.

ET@ LW RS X (30— Ty| < 84 % |30 + Ty| < 8457 % A KA @R,

Answer: [672]

Solutions:

—28 28

The region is a rhombus as shown in the figure above. Its area is

2 X 28 x 12 =0672.
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Question M-27 [8 points]

Given that a, b, c are positive numbers satisfying

ab + ca =323
ab 4 be =224

be + ca =275
Find the value of a2 + b + 2.
Efra, b, c RiHETALA

ab + ca =323
ab + bec =224

bc + ca =275
EH, K>+ 4+ 8918,

Answer: [474]
Solutions:

Adding up the three equations and dividing by 2 give
ab + be + ca = 411
This gives

ab =136 = 17 x 23
be =88 = 2% x 11

ca =187 =11 x 17

From these we find that a = 17, b = 8 and ¢ = 11.

This gives a® + b? + ¢* = 474.
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Question M-28 [8 points]

The number 15 can be written as a sum of consecutive positive integers in three different ways,

as shown below.

15 =748
=4+5+6

=1+2+3+4+5

In how many ways can the number 2100 be written as a sum of consecutive positive integers?
de TR, A A kT A 15 B Rk 4 R A 8 Fe

15 =7+8
=4+5+6

=14+24+3+4+5
H % VAT ik T A 2100 B A ik 42 F 8 3% 64 F=9

Answer: [11]

Solutions:

Assume that 2100 is a sum of the n consecutive integers a, a + 1, a + 2, ..., a +n — 1, where
a > 1. Then

n(2a+mn—1) =4200 =2° x 3 x 5> x 7

Notice that if n is even, 2a +n — 1 is odd and vice versa.
Moreover,

2<n<n+1<2a+n-—1.

If 4200 = mg, where m is even and ¢ is odd, then 23 | m and
e 3 divides m but not ¢, or 3 divides ¢ but not m. There are 2 cases.

e 52 divides m and 5 does not divide g, or 5 divides m and g, or 52 divides ¢ and 5 does not

divide m. There are 3 cases.

e 7 divides m but not ¢, or 7 divides ¢ but not m. There are 2 cases.
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There is a total of 2 X 3 X 2 = 12 cases. Among them, one is ¢ = 1.

For each pair of (m, ¢) obtained above except the one where (m, q) = (4200, 1), let n be the
smaller of m and ¢, and 2a + n — 1 to be the larger one. Then one can solve for a from the
latter and obtain a way to represent 2100 as a sum of consecutive positive integers.

Hence, there are 11 ways.
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Question M-29 [8 points]

A triangle is called magic if all its side lengths are integers and its perimeter is equal to 99. If
two triangles are congruent, we say that they are the same; otherwise they are distinct. Find the

number of distinct magic triangles.

FAZABZ LG KRAREH ARG F KL, AMNMFECAVF=AH. ZANSZ
AMASF, EMHLCMNMR; GRUEARN AT K704 = A 7 892

Answer: [217]

Solutions:

A triangle is uniquely determined by its side length a, b, c witha < b < c.
Then triangle inequality implies that a + b > c.

For a magic triangle,

2e<a+b+c=99

but

3c>a+b+c=99.

Hence, c is an integer between 33 and 49.

When ¢ = 33, (a,b) can only be (33, 33). 1 case.

When ¢ = 34, (a, b) can only be (31, 34) or (32, 33). 2 cases.

When ¢ = 35, (a, b) can only be (29, 35), (30, 34), (31, 33), (32, 32). 4 cases.
When ¢ = 36, (a,b) can only be (27, 36), (28, 35), (29, 34), (30, 33), (31, 32). 5 cases.

When ¢ = 49, (a, b) can only be (1,49), (2,48), ..., (25,25). 25 cases.

Hence, the number of noncongruent magic triangles is

(1+4+7+...+25)+(2+5+...+23) =217
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Question M-30 [8 points]

We say that a positive integer 7 is lovely if there exists exactly one integer m satisfying

B
29 n+m 30

Find the number of lovely integers.

R n R—NDEEKABEH —NEERE AT

28< n <29
29 n4+m 30’

W] HAVBL n T & 6 ¥R KT R ey BB

Answer: [812]

Solutions:

28< n <29

29 n+m 30

30 <1+m - 29

29 n 28
1 m 1

207 S %
28m < n < 29m

When m = 1, no n satisfies the inequality.

Whenm = 2, ncanbe from28 x 2 +1t029 x 2 — 1.
When m = 3, n can be from 28 x 3+ 1t029 x 3 — 1.
Whenm =4, ncanbe from28 x 4 +1t029 x 4 — 1.

When m = 28, n can be from 28 x 28 +1to 29 x 28 — 1.

When m = 29, n can be from 28 X 29 + 1 to 29 x 29 — 1.

When m = 30, n can be from 28 x 30 + 1 to 29 x 30 — 1, notice that 28 x 30 +1 = 29 x 29.
When m = 31, n can be from 28 x 31 +1to 29 x 31 — 1, but

28%x314+41=29x30—-1
When m = 32, n can be from 28 x 32 + 1to 29 x 32 — 1, but

28x324+1=29x31 -2
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When m = 33, n can be from 28 x 33 +1to0 29 x 33 — 1, but

28x33+1=29%x32-3

When m = 56, n can be from 28 x 56 + 1 to 29 x 56 — 1, but
28 x 56 +1 =29 x 55 — 26
When m = 57, n can be from 28 x 57 + 1 to 29 x 57 — 1, but
28 x 57T +1=29 %56 —27 =28 x 56 + 29
If m > 58, n can be from 28m + 1 to 29m — 1, but

29(m—1)—m+30=28m+1
20(m — 1) — 1 = 28m +m — 30
28(m+1)+1=28m +29

28(m+1) +m — 29 = 29m — 1

Hence, each of the n from 28m + 1 to 29m — 1 has two corresponding m.

Removing the n that has more than one m, we find that the lovely integers are
o 28x2+1t029 x 2 — 1, there is 1 of them.
o 28x3+1t029 x 3 — 1, there are 2 of them.

o 28x4+1t029 x4 — 1, there are 3 of them.

o 28 X294 11029 x 29 — 1, there are 28 of them.
o 28 x30+1to29 x 30 — 2, there are 28 of them.
o 28 x 31+ 21029 x 31 — 3, there are 27 of them.

o 28 x 32+ 31029 x 32 — 4, there are 26 of them.
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o 28 X 57+ 28t029 x 57 — 29, there is 1 of them.

There is a total of

2(142+...+28) = 28 x 29 = 812

lovely integers.
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