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Instructions and Information

AiXEEH 30 A4,

This paper contains 30 questions.

e FLIMEH 104, HFA, HA49.
Question 1 to Question 10, multiple choice questions, each question carries 4 marks.

e FIULMEH 30, FEA, HFMOEERE—ANAT0ZE 1000 Z 7] 64 53,
Question 11 to Question 30, short questions. For each question, the answer is an integer between 0
and 1000.

> F 1L EH 20 A4 5 5
Question 11 to Question 20, each question carries 5 marks.
> H21MEF 25 A 6 5
Question 21 to Question 25, each question carries 6 marks.
> % 26 M %E % 30 MAEHM 8 4
Question 26 to Question 30, each question carries 8 marks.
WEAFEHRNELNZTHATR 2B LFRNEEEMGEE, W TREFM, LIHRE A,
B, C, DREMEALEE, BFARBEN—NEE, GUUEHKL,
Please use 2B pencils to write your answers in the appropriate boxes provided on the answer sheet. For
each multiple choice question, please write A, B, C, D or E as answer. If more than one answer is found for
a question, no credits would be given for that question.
PR 69 B B BIE R, RAEAHBIZ A,
All the diagrams are not drawn to scale. They are intended as aids only.
AR EE, HFITE, FRRETHEE,
No calculators, maths stencils, mobile phones or other calculating aids are permitted.
EEEREFRBERL, FEBT, FREMBHIEF R,
Write your name, candidate number, name of school and year of study clearly on the answer sheet.
EREXZIMSRILRTIEZE, 7 T AT F KT HEEE
Do not open this question booklet until you are told to do so.
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~~ BLEA ~~
~~ Notes ~~
iR EE, x| ZFDNTFREFxORKEHR.
Blde: |2|=2, |-2|=-2, |2.6]=2, |-2.6]=-3.
In this paper, \_xj denotes the largest integer less than or equal to x.
For example, |2|=2, |-2|=-2,]26]=2,|-2.6]=-3.

FL1EF 108, 2B, HA 45
Question 1 to Question 10, multiple choice questions, each question carries 4 marks.

1 5K p(X)RA2X -3x—2 & XA AX-7, K p(X)FRA2x+1 &K
Given that the polynomial p(x) leaves a remainder of 4x—7 when it is divided by

2x? —3x -2, find the remainder when p(x) is divided by 2x+1.

A 9 B. 5 C. 5 D. -8 E. -9

2x* =3x—2=(2x+1)(x-2)
p(x):(2x2—3x—2)q(x)+4x—7

o o-

ANSWER: [E]
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2. —AmTFEAE OBEAR, 74K, EEAMATPRE—KREKE, BFRE—3RLSE
. KEWFEL R R LRGBER,
There are 9 white balls and 7 red balls in a box. A ball is randomly taken out from the box
and passed to LinHui, then a second ball is taken out and passed to LiMing. Find the
probability that the ball obtained by LiMing is a red ball.

A 7 B S C. 2 D 8 E 7
16 16 5 15 15
Method 1:
The sample space has 16x15 elements. Among them, there are 7 x15 for which the second
ball is red.
7x15 7
Hence, the probability that the second ball is red is
16x15 16

Method 2:

LinHui obtains a white ball with probability % In this case, LiMing obtains a red ball with
probability ’

15°
LinHui obtains a red ball with probability % In this case, LiMing obtains a red ball with

.. 6
robability —.
p y 15

Hence, the probability that LiMing gets a red ball is 3x1+1 6 :l
16 15 16 15 16
ANSWER: [A]
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3.

W, RR, FFZA—REIET. RAET HFER, AEER=ZLER, T
RM17.60, AAXTHAEER, Zk#, —BEX, £TRM1200. FFXT7=%
FR, B, AEER, £TRM1420, Fl—kEFReHENR L D2

Bobo, Dongdong, Kaka went to a grocery store together. Bobo spent RM 17.60 to buy an
apple, two oranges and three mangos. Dongdong spent RM 12.00 to buy two apples, three
oranges and one mango. Kaka spent RM14.20 to buy three apples, one orange and two
mangos. What is the unit price of an apple?

A. RM1.30 B. RM1.40 C. RM1.50 D. RM1.60 E. RM1.70

Let RM x be the unit price of an apple, RM y be the unit price of an orange, and RM z be
the unit price of a mango. Then
X+2y+32=17.6

S5x+7y=184
2x+3y+z=120 = — 18y =30.6
X+5y=9.8
3X+y+2z=14.2
y=17, x=13
ANSWER: [A]

Y — kKOG FZEIE T 10%, KCaRBIEmEG T 5Lk,
When the radius of a ball is increased by 10%, find the percentage increase in its volume.

A. 20% B. 21% C. 30% D. 33% E. 33.1%

=11V,
=1.331V,
Namely, the volume increased by 33.1%.

ANSWER: [E]
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5. K \3/40353 —2017° —3x4035x 2017 x 2018 .

Find v4035° — 2017% —3x 4035x 2017 x 2018 .

A. 2017 B. 2018 C. 2019 D. 2020 E. 2021

Let x=4035, y=2017.

J4035° ~2017° 3% 4035x 2017x 2018 = /x* —y* ~3xy (x— y)

:\3/x3—3x2y+3xy2 -y

= J(x=yy

=X-Y

=2018
ANSWER: [B]
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|
0. &%ﬂéﬂ.é\é& [EJZW 7%[43 n ﬁ"zz[“;]éﬁ%]%liﬂi k'{:"’éﬁf/i‘—&%(o /pCfgj

Gl )

n!

m is the number of ways to choose k

n
Given that the combination number [kj:

objects from n different objects. Simplify
37\ (37 37\ (37 37\ (37
— + — +...+ —
1 2 3 4 17 18
36 36 36 36
A B. - C. 1+ D. 1-
) o) el )
) n n-1 n-1
Notice that = + :
HEtEEYY

CHEE-01
(?3;}@?F’fJ("’SJ+£‘°’5J+(?J(?J("’f)+---+(i’21+(iSJ(i’?)(isl

ANSWER: [D]

36
E. -1
H

1 TR I R PE 4R 2 7 Page 5
Organized by XIAMEN UNIVERSITY MALAYSIA



2019 F A M F FHF LR & W
CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2019 SENIOR CATEGORY

7. TE¥, MBCRAA=AN, LARAA, DRAC L — 5. /BCA=«,
/BDA=p., %CD=d, AB=h, N
In the figure below, AABC is a right-angled triangle with ZA being the right angle. D is a
pointon AC,and /BCA=«a, ZBDA=4.1f CD=d, AB=h, then

B

o b [
C D A

sin B —sina)

cota —cot B

h(
h(tan f—tan &)
h( )
h(

d
d
d
d cosa —cos f3)
d

m o O m >

=h(sec f—seca)

E=tanoz = AC=hcota
AC

AB
— =tan = AD=hcot
AD B B

d =h(cota —cot )

ANSWER: [C]
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8. TEMTA—RAE—NETRTHET=—LFH., LAGEEAV6+V2, KE+=2

89 B Ko
The figure below shows a circle and an inscribed regular 12-gon. If the radius of the circle is

J6 ++/2, find the perimeter of the regular 12-gon.

A 12 B. 18 C. 24 D. 36 E. 48

saoB=2E_%
12 6

r =62

T
AB? =r?+r?-2r° cosg

Therefore, the perimeter of the regular 12-gon is 24.

ANSWER: [C]
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9, &%n%%ﬁﬂnwwgﬂbw}doin%ﬁkﬁ%ﬁo

Given that n is an integer such that n(\/399 —\/397)<1. Find the largest possible value of

n.
A. 18 B. 19 C. 38 D. 39 E. 40
1
N< ———
V399 —+/397
/399 ++/397
2
Since 19 <+/397 < 20, 19 <+/399 < 20, we find that 19 < —‘399; 397 < 20.
Hence, the largest possible value of n is 19.
ANSWER: [B]
10. B—ABKkABecm ikt @prttads, BHlemd Rk Hlem by =74k,
BX L TRE, S TABE R AEMIR L E?
After the faces of a cube with side length 13 cm are colored red, the cube is dissected into
small cubes, each with side length 1cm. Among the small cubes, how many of them have
exactly two red faces?
A. 169 B. 156 C. 144 D. 132 E. 121
The small cubes with two red faces are those originally lying at the interior of each edge of
the large cube. Since a cube has 12 edges, each edge gives rise to 11 small cubes with two
red faces, there are altogether 12x11=132 small cubes with two red faces.
ANSWER: [D]
RPN P Qi |4 i i A Page 8
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FLUER208, REA, FA5%,
Question 11 to Question 20, short questions, each question carries 5 marks.

11, &4 13I8 X, Xy, -, Xg 0FHRAZ 131, FFT1<k<131, y =x+k, Ky,
Voo vty Yoo XLSIANEAG-FHHK
Given that the average of the 131 numbers x,, X,, ---, Xz is 131. If y, =x +k for

1<k <131, find the average of the 131 numbers vy,, Vy,, ==*, Vi -

The average of the 131 numbers y,, Y,, --+, Y5 IS

Vit Yoot Y X X e Xy +1+2+--~+131
131 131 131
:131+1+131

=197

ANSWER: [197]

12. Ki#kZ A% Xlog, (5n—43)+8> 0895 kK H 4 n .

2

Find the largest integer n that satisfies the inequality log, (5n—43)+82 0.
2

log, (5n-43)> -8

2

-8
5n—43s( j
5n-43<256

5n <299

n<59

N~

ANSWER: [59]
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13. A—BHALWER. F—MBRERE, 66{ekEHF 2%, EEF2FHFTHFTHT.

14.

2 BB A5:3., F_MELERE, B 1R 25 EH5FLY, B FHA T
B kbl A 34, FIANRFEEA S Iz ER5?

A group of people participated in a conference. After the first session, 66 of the female
participants left, yielding a ratio of male to female participants in the conference room to be
5:3. After the second session, another 132 male participants left, yielding a ratio of male to
female participants in the conference room to be 3:4. How many female participants were
there at the beginning of the conference?

Let x and y be respectively the numbers of male and female participants at the beginning
of the conference. Then

x__5
y—66 3
x-132 3
y—-66 4
5 3
—(y—-66)=—(y—-66)+132
5(¥=66)=7(y-66)+
11
—(y—-66)=132
12(y )

y =210
ANSWER: [210]

4 X +y* +4x-18y-60=0 5 A& x-2y=5MX T EARAEB, LCRRAWHT,
K AABC #9| 42,

Given that the circle x>+ y®+4x—-18y—60=0 intersects the line x—2y=>5 at points A
and B, and C is the center of the circle. Find the area of AABC.

X +y?+4x-18y—-60=0
(x+2)* +(y—9)° =145
C is the point (-2,9). The radius of the circle is v/145.

The distance from C to AB is hz‘ﬂ =55,

Vi+4
The length of AB is 24/145—125 =4./5.

The area of AABC is %x4\/§x5\/§=50.

ANSWER: [50])

1 TR I R PE 4R 2 7 Page 10
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15. €42 N =2°x3x5°x6°x7*. K N & EHFAN K.

Given that N =2°x3x5°x6°x7*. Find the number of positive factors of N .

The prime factorization of N is
N =2°x3*x5*x7*
Hence, N has 6x5x3x5=450 positive factors.

ANSWER: [450]

~ VN
16. TEH®¥, OABZOCDAZBmH., #AB=20r, CD=127r, AC=14, A% 3569 @4=
ASrx, KSE,

) . Vamn Vamn
In the figure below, OAB and OCD are circular sectors. If AB=20xr, CD=12r,
AC =14, and the area of the shaded region is S r, find the value of S.

@)

Let OC =1, OA=r,, ZAOB=0.Then
AC=r,-r =14

N

AB=207=r,0

Vamn
CD=127=r0

Szr:%rfé’—%rfe

1
=§(r2 -r)(r,+1)6

:%x14x(207r+127r)

=224r
S=224

ANSWER: [224]

I ANPNE P il A7 3 ) Page 11
Organized by XIAMEN UNIVERSITY MALAYSIA



2019 F A M F FHF LR & W
CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2019 SENIOR CATEGORY

17.

€4 A={1,2,34}, B={56,7,891011} . A % VA d A 2| B &g —3F — &
Given that A={1,2,3,4}, B={5,6,7,8,9,10,11} . How many one-to-one functions are

there from A to B?

If f:A— B is a one-to-one function, there are 7 choices for f(1). After f (1) is chosen,
there are 6 choices for f (2). After that, there are 5 choices for f (3). And after that, there

are 4 choices for f (4).

Hence, there are 7x6x5x4 =840 one-to-one functions from A to B.

ANSWER: [840]

200x°

18. Kuf# f(x)=303——— a9 ME.
A ( ) x* +16 w
2
Find the minimum value of the function f (x) =303- 2400)( .
X" +16
By Arithmetic Mean-Geometric Mean Inequality,
x* +16 > 2+/x* x16 = 8x?
Hence,
2
200 <20 _ g5
X" +16 8
2
f (x)=303- 229X 303 25- 278
X" +16
The minimum value 278 is achieved when x=2.
ANSWER: [278]
I ANPNE P il A7 3 ) Page 12
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X—128
7

19 &%nx%"?éé"iﬂ_[ J:—s, K x5k TR AL

X—128

Given that x is an integer and [

[x—lZSJ __3
7

x—128
7
-21<x-128<-14
107<x<114
The largest possible value of x is 113.

J =-3, find the largest possible value of x.

-3< <2

ANSWER: [113]

20. Fa, B, yAFAEXIC+I2X -TTx+11=08 =R, K(a-1)(F-1)(y-1) 891k
If «, B, y are the three roots of the equation 3x®+12x*—-77x+11=0, find the value of

(a-1)(5-1)(r-1).

3 +12x* = 77x+11=3(x - )(x— B)(x—7)
Put x=1, we have
3(1-a)(1-B)(1-7)=3+12-77+11
(1-a)(1-p)(1-7) =17
(a-)(A-1)(y -1 =17

ANSWER: [17]
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F20ER B8, FIEA, HH6%.
Question 21 to Question 25, short questions, each question carries 6 marks.

21. B %3t EE (X, y) HA X +y? <3007
[(Z: BEHOFEE. RHEHZO
How many pairs of integers (x, y) are there that satisfy x* +y*<300?

[Note: integers include positive, negative integers and 0]

(0,0) is asolution to x*+y* <300.

Since L\/3OOJ =17, there are 4x17 =68 solutions with x=0 or y =0, but not both.

Now we consider the case x>0, y>0. There are

17

ZL\/?’OOTJ solutions.

x=1
17

3| V3001 | =317+ 316+ 2x15+ 2x14+13+12 +11+10+ 8+ 6+ 3

x=1

=220
There are also 220 solutions for each of the cases where (a) x>0, y<0; (b) x<0, y>0;
(c) x<0, y<0.
Hence, the total number of solutions is 880+ 68+1=949.

ANSWER: [949]

I ANPNE P il A7 3 ) Page 14
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22. TRY, =AE®mPAI I, ALK AB 5=/ RA# 4+, MARNIE. 20 158
1169 F 25 A1 %4 100 & 225, KE I &F1Z,
In the figure below, the three circles are tangent externally to each other. The line AB is

tangent to all three circles. Circle 111 is the smallest circle. If the radii of circles I and Il are
100 and 225 respectively, find the radius of circle I11.

A B

D

C \N
P Q

We first look at this picture. If PC=R,, QD =R,,then CD=R +R,, DN =R, -R,.

Hence, PQ=CN = (R +R,)’ —(R,~R.)’ =2|/RR, .

If the radius of the circle Il is R, and it is tangent to the line AB at the point C, then
AC=2,RR, CB=2,[RR,, AB=2,/RR, , where R =100, R, =225.

Hence, 2,/RR, +2,/RR, =2,/RR,

JRR,

R=

RN
_10><15
10+15
=6

R =36

ANSWER: [36])
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23. ExXAFHK, K f(x)=+2x-1+243-2x t9 & K14,

If x is a real number, find the maximum value of f (x)=+2x—1++/243-2x.

Since 2ab<a’+b*, we havea+b< ,/2(a2 +b2) , and the equality holds if and only if a=b.

Hence,
f(x)s\/2(2x—1+ 243-2x) =22, and the equality holds if and only if 2x—1=243-2x,

namely, x=61.
The maximum value of f (x)=+/2x-1++243-2x is 22.

ANSWER: [22]

24, CHax, y, ZAERKEHX+2y+32=21. K 2xy+3xz+6Yyz+6xyz 495K K 7T At 1A,
Given that x, y, z are positive numbers such that x+2y+3z=21. Find the largest
possible value of 2xy +3xz +6yz +6xyz .

Notice that

(1+x)(1+2y)(1+3z2) =1+(x+2y +32) +(2xy + 3xz + 6yz ) + 6xyz
By arithmetic mean-geometric mean inequality,

1+ x+1+ 2y+1+32j3

(1+x)(1+2y)(1+3z)£( 3

=512
Equality holds when x=2y=3z=7.
Hence, 2xy +3xz+6Yyz +6xyz <512 -1-21=490.
Namely, the largest possible value of 2xy+3xz+6yz+6xyz is 490 and it is achieved when
X=2y=3z=7.

ANSWER: [490]
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12a,
37-a, "

25. L —%KFla, a,, a, ~MWEXHa=7, BFFn>2, a =

%S =a+2a,+38,+-+20198,,,, KSEEHFL .

Giventhat a,, a,, a,, ---isasequence defined by a, =7, and a, :3172# forall n>2.
—a,,

If S=a, +2a, +3a,+---+2019a,,,, find the sum of the digits of S..

Notice that
12x7
a2 = =
37-49
12x(-7
37-49
Hence, a, =(-1)""x7.
S :7(1—2+3—4+5—6+---+2017—2018+2019)
—7(2019-1009)
=7x1010

=7070
Hence, the sum of the digits of S is 14.

ANSWER: [14]
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Organized by XIAMEN UNIVERSITY MALAYSIA



2019 F A M F FHF LR & W
CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2019 SENIOR CATEGORY

F26EF 308, FEA, FHA8%.
Question 26 to Question 30, short questions, each question carries 8 marks.

26, TH ¥, ABCD R # #, AB/ICD, /,DABRA A, M ZBCH#+ 5., %
AB+CD+AD=62, AM =25, £#7# ABCD 4y @m4%.
In the figure below, ABCD is a trapezium with AB//CD, ZDAB is a right angle, and M
is the midpoint of BC. If AB+CD+AD=62, AM =25, find the area of trapezium
ABCD.

D C
M
A B
C
/// I
PO
M// |
|
|
[
!
A B E

Extend AB to the point E such that BE =CD, and extend DC to the point F such that

CF = AB. Then AEFD is a rectangle and AM :%AF .

Let AE =2x, AD=2y. Then
2X+2y =62
4x* + 4y* =507
Hence, x+y =31, x> +y* =625
The area of trapezium ABCD =2xy =(x+Y)’ —(X* +y*)=961-625=336.

ANSWER: [336]
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27. Rk R IEESH, 2L
(1+X)(142x)(1+3x)...(1+ kx) =a, + ax+a,X> +---+a X"
FEN=a,+a +a,+--+a,. &N T 2019 &, Kk &R T ReME.
For a positive integer k , we write
(1+X)(142x) (1+3x)...(1+ kx) =a, + X+ a,X> + - +a X"
Let N=a,+a, +a,+---+a,. If Nisdivisible by 2019, find the smallest possible value of k.

Put x=1in
(1+%)(142x) (1+3x)...(1+kx) =a, + a X+ a,X* +--- +a X"
we find that
N=a,+a +a,+-+a,

= 2><3><4><---><(k +l)

=(k+1)!
Since the prime factorization of 2019 is 3x673, k+1>673.
Therefore, the smallest possible value of k is 672.

ANSWER: [672]
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28. €4k 4 5={1,2,3--,1000} &4 1 | 1000 49 ¥ 4. S EMT—NE SN MTEH
THEE—2OGERANMEFYLFabb, XA a+bHF T 1000, KN &5 )T REAE,
Given that the set S = {1, 2,3, ---,1000} contains all integers from 1 to 1000. Every subset of

S that contains N elements must contain two distinct elements a and b such that their
sum a+b is 1000. Find the smallest possible value of N .

We claim that the smallest possible value of N is 502.
Consider the set A={1,2,3,---,499,500,1000} . It contains 501 elements with no two
distinct elements sum to 1000.

Hence, if N is less than 502, we can find a subset of Swith N elements which does not
contain two distinct elements that sum to 1000. Just take any subset of A that contains N

elements.
Now consider the following partition of the set S:
E, ={1,999} , E,={2,998} , E,={3,997} , -+, E,,={499,501} , Eg, ={500} ,

Es,; = {1000}
By pigeonhole principle, any subset of S that contains 502 elements must contains at least 2
elements from one of the sets E,, E,, ---, E,o, Which has a sum of 1000.

Hence, the smallest possible value of N is 502.

ANSWER: [502]
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29. L4n
1 a, 4, a,
TP TRE TR
fda, a, -, a AIFEAWERBESTAHA 2<k<n, a <k-1., Knafi,
Given that
1 a,  a, a,
T TR TR
where a,, a,, ---, a, are nonnegative integers with a <k -1 for all 2<k <n. Find the
value of n.
1
Let X:@.
Then
(n-1)! (n-1)! (n-1)! a
n-1)Ixx=a(n-1)!+a + +--+2a + =
( ) al( ) 2 2| a3 3| n-1 (n_1)| n
| : n! n! n!
nlxx=an!'+a,—+a,—+---+a,,———+4a
TR Y (n-1)r "

These imply that (n—1)!x x might not be an integer but n!x x is. Hence, n is the smallest
integer such that 19%° | n!.

After determining n, a, must be the remainder when n!x x is divided by n, a,_, must be
the remainder when (n—l)!x x—i is divided by n—1, and so on. The integers a,, a,, ---,
n

a, are determined one-by-one in the reverse order.

Now let us determine the value of n. Since 19 is prime, we must have
PHLZH%F.CE,O
19| [19 19

Since {%J =2, we find that the smallest n satisfying this condition is

n=(50-2)x19 =912

ANSWER: [912]
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30. =" FTHEWFT=, AABCY¥, D. E. F4AZBC. CARAB E&y =, X AD 5%
BBEMX T AU, KEABESAKCFARXT AV, RKCF 55X AD AT AW,
BU=UE, CV=VF, AW=WD. #AABC#@mMFT 12, AUVW &&d@AmA x—ﬁ,
AP xR yHAEEH, By R2ZFHHK, £x*+y 9k,

As shown in the figure below, in AABC, D, E, F are respectively points on BC, CA and
AB . The line segment AD intersects the line segment BE at point U, the line segment

BE intersects the line segment CF at point V , and the line segment CF intersects the line
segment AD at point W . Given that BU =UE, CV =VF, AW =WD, and the area of

AABC is 12. If the area of AUVW is x—ﬁ , Where x and y are positive integers and y
is not a perfect square, find the value of x*+vy .

A

et B0, CE_p AR
co 'EA "' FB

If the area of ACUD, denoted by S, is a, since ? =a,then S5, =ca.

If S,,,s =D, since BU =UE, then S,, . =b.
Since BU =UE, S,cye =Spauc =(a+1)a.

BD S,  b+ca

Now, o= =
CD Suop b+(a+2)a
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ab+a(a+2)a=b+ca
a(a+l)a=(1-a)b
l-o

E_SA&:(QH)E:_

Hence, p= =
EA S, b «a

Using the same reasoning, we find that y = 1,_Bﬁ a=17

. 200 -1 2—-3a

This gives y = , Q= .
l-« 200-1

From this, it follows that 2a® +2a—-2=0

~1++/5
a =

2

and we find that g=y=« .

To find the area of AUVW , we denote the areas of each region in the triangle as shown
below:

Using BU =UE, CV =VF and AW =WD, we have

aa+a=f+ac, ad+d+e=c+g+z
ac+c=0+ad, aa+a+f=d+e+z
ad+d=e+aa, ac+c+g=a+f+z

The sum of the three formulas on the left gives
e+f+g=a+c+d
The sum of the three formulas on the right gives
a(a+c+d)
3
Now, the area of AABC is 12. Hence,

12=a(a+c+d)+(a+c+d)+e+f+g+z

=

(a+2+%}(a+c+d)=12
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3
4a +6

J5-1
J5+2
=3(7-3J5)
=21-/405

Hence, x=21, y=405, x*+y=441+405=846

x12

o
ZI=—X
3

=3x

ANSWER: [8461]
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