CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2020 SENIOR CATEGORY

Question S-01 [4 points]

In the figure shown below, ABC D is a rectangle with AB = 7 and BC' = 41/3. AABE and
ABCTF are equilateral triangles. If z = E'F, find the value of 2.

FTEY, ABCD 2% ##, AB="7, BC =4v3. AABE % ABCF %=/,
% x=FEF, K 22 894,

Answer: [181]
Solutions:

ZEBF = 150°. By cosine rule

2% =7+ (4V3)? — 2 x 7 x 4v/3 x cos 150° = 181.
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Question S-02 [4 points]

There are 6 blue pens and 4 red pens in a box. After Ms Zhang randomly takes away two pens
from the box, Ms Xiao randomly takes away another two. If the probability that the two pens

Ms Xiao takes are both red is p, find the value of 5040p.

—NETHYHO6LELE, 44X 0L, KEFAEEAETFTRARALE, FHIFHML
TRA L, EHELTERN NI IAALENBER p, K 5040p 4914,

Answer: [672]

Solutions:
4x3

T10x9

Hence, 5040p = 672.
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Question S-03 [4 points]

Let

Ay ={logy,_,(2k 4+ 1) | k is an integer, 2 < k < 1093},

Ay ={logy,,1(2k — 1) | kis an integer, 2 < k < 364} .

Define P; to be the product of all the elements in Ay, and P, the product of all the elements in

Py
As. Find —.
2 1mn P2

i

Ay ={logy,_(2k + 1) | k A%, 2 <k <1093},
Ay ={logy 1 (2k — 1) | k A%, 2 <k <364}

P

X P A A PR LENRR, P, A Ay PITHE LAENEMR, K 2
2

Answer: [42]

Solutions:

If k = 364, 2k + 1 = 729 = 36,
If k = 1093, 2k + 1 = 2187 = 3.

Then
logh log7 log 2187  log 37
| = X X ... = =1,
log3  logb log2185  log3
_10g3><log5>< log 727  log3 1
T logh T log7 " T log729  log3® 6
Hence,
Py
— =42.
Py
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Question S-04 [4 points]

As shown in the figure below, a circle is inscribed in the trapezium ABC'D. Given that AB =

50, CD = 18 and AD = BC. If the area of the circle is 7wa, find the value of a.

4o F BT, —BARAWTFHA ABCD ¥, @4 AB=50, CD =18 . AD = BC., #*
R ey @A A ma, K a 8948,

Answer: [225]

Solutions:

CQ =CP = %CD =9,

1

Hence, BC = 34, BH = 16. This gives 2r = C'H = 30, where r is the radius of the circle.

Hence ma = 2257, and so a = 225.
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Question S-05 [4 points]

The three side lengths of an isosceles triangle are integers. If the longest side has length 1000,

the shortest side has length z, find the smallest possible value of x.

— SR A KRB, TR KL KI000, REGAKk 2, K thR DT
AEAR .

Answer: [1]
Solutions:

The smallest possible value of x is 1, when the two equal sides both have length 1000.
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Question S-06 [4 points]

n
If £ is a nonnegative integer and n is a positive integer such that £ < n, define to be the

number of ways to choose k objects from n objects. Find the value of n such that

" [2n+1

Z :2586_1.
=\ &
Y RAERGEH, nREEKBLE<ni, 2L || M0 ATRGAE DR
k
Bk AN kg, K n 604 fE

" [2n+1

— 9586 _ |
=1 k
Answer: [293]
Solutions:
Since
2n+1 2n+1
2 m+1—k)
we find that
"f2n+1) 1T (241 1, ., o
=32 —p o=

=1 k =1 k

Hence, 2n = 586 and n = 293.
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Question S-07 [4 points]

Given that the two curves y = 22 — 22 — k and y = —22 + 342 — 2k + 1 are tangent to each

other, find the value of k.

Chl& y=02 20— kAol &R y=—202+342 — 2k + 1 4841, Kk 691{h,

Answer: [109]
Solutions:

Solving y = 2% — 22 — k and y = —22% + 342 — 2k + 1 for intersection point, we get
32° —36x +k—1=0.
There should be only one real solution. Hence,
36> —12(k — 1) = 0.

This gives £ = 109.
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Question S-08 [4 points]

In AABC, ZBAC = 60°. D is a point on the circumcircle of AABC' such that AD bisects
/BAC. If BC* = 1789, find BD?.

AABC %, /BAC = 60°. D & AABC #h3 R L& — & 1813 AD “F 4% /BAC.

% BC? =789, K BD?

Answer: [263]

Solutions:

B\MC

D

/ZBCD = /BAD = ZCAD = ZCBD = 30°.

Hence ABCD is an isosceles triangle with internal angles 120°, 30° and 30°.

This gives

_ BC?

BD? = 263.
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Question S-09 [4 points]

Given that (a, b) is the point on the curve z2 + y* — 44x + 38y + 556 = 0 that is closest to the
line 152 — 8y + 56 = 0. Find a? + b2

Chn (a,b) RAEWE 22 4 y® — dda 1+ 38y +556 = 0 L5 H % 150 — 8y + 56 = 0 Rk
a8, K a®+ 0%

Answer: [170]
Solutions:

2% 4y — 44w + 38y + 556 = (v — 22)* + (y + 19)? — 172

Hence, 22 + y* — 44x + 38y + 556 = 0 is a circle with center at (22, —19) and with radius 17.
The line from (a, b) to (22, —19) must be perpendicular to the line 152 — 8y + 56 = 0. Hence,
it has equation 8z + 15y + 109 = 0.

The point (a, b) is the intersection point of 8z +15y+109 = 0 and 2 +y*—44x+38y+556 = 0
that is closer to 15z — 8y + 56 = 0.

Solving the equations, we find that (a,b) = (7, —11), and hence, a* + b* = 170.
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Question S-10 [4 points]

Given that x is a positive integer such that

Find z.
Edn o & —IEEHAFIF
K xo

Answer: [930]
Solutions:

We have

Hence,

\/x+\/x+\/x+m=31.

\/x+\/x+\/x+\/m_31

Vo +31 =31

r = 31% — 31 = 930.

Organized by XIAMEN UNIVERSITY MALAYSIA

SENIOR CATEGORY

Page 10 of 35



CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2020 SENIOR CATEGORY

Question S-11 [5 points]

How many ways are there to distribute 20 identical pens to 5 teachers so that every teacher gets

at least two pens?

HEZ VAT ETUHF 0 X —HUGENL55EF, FAZ VAL

Answer: [1001]
Solutions:
Let x1 + 2, x4+ 2, 3+ 2, x4 + 2 and =5 + 2 be respectively the number of pencils given to the

teachers. 1, 2, 3, 4 and x5 are nonnegative integers with

$1+ZE2+JI3+ZL’4+I‘5:10.

The number of solutions is

10 +4
= 1001.

Organized by XIAMEN UNIVERSITY MALAYSIA Page 11 of 35



CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2020 SENIOR CATEGORY

Question S-12 [5 points]

A school has four clubs, A, B, C, D, whose members are students in this school. Every two
clubs have 227 common members. Every three clubs have 117 common members. There are

exactly 17 students that join all four clubs. At least how many students does club A have?

Al T ERER, BENFEA T ERESR, A 17 /5FARZXWOANFLY

ER2R. FAEAZVAHIUZAR?

Answer: [347]
Solutions:

Let Ay, Ay, A3, A4 be respectively the set of students in the club A, club B, club C and club D.

TL(Al N (A2 U Ag U A4)) :TL(Al N AQ) -+ n(A1 N Ag) -+ TL(Al N A4>
— 7’L(A1 N A2 N Ag) — TL(Al N AQ N A4) — ?’L(Al N Ag N A4)
+ n(A1 N A2 N A3 N A4)

=3 X 227 =3 x 117+ 17 = 347

Hence, club A has at least 347 students.
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Question S-13 [5 points]

- 1
Given that Z = 17, find the value of n.
—~ 3k +1

+V3k—2

- 1
&% — 17, }]E é@/fﬁc
U§¢3k+1+\/3k—2 "

Answer: [901]

Solutions:

Z”: 1 N VBEk+1—3k-2
~ 3k + 1+ 3k —2 3

k=1

:é(m_l)

This gives v/3n + 1 = 52 and hence n = 901.
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Question S-14 [5 points]

Given that when the polynomial f(x) is divided by (z —1)(x —2)(x — 3)(z —4), the remainder
is z(x — 1)(x — 2). When f(z) is divided by (z — 2)(xz — 3), the remainder is g(z). Find the

remainder when g(x) is divided by = — 4.

Cx LA flz) BRA (- 1)z —2)(x —3)(z—4) BERAz(z—1)(x—2), flz) &

A (z—2)(x—3) AR g(x)e Kglx) Mhr—4 BFK,

Answer: [12]
Solutions:
f(@) =qi(z)(z — 1)(z — 2)(z = 3)(z —4) + z(z — 1)(z — 2)

=¢(2)(z = 2)(x = 3) + g()

Let g(x) = ax +b. Then 2a + b= g(2) = f(2) =0,3a+ b= g(3) = f(3) = 6.

Hence,a = 6,b = —12.
When ¢(z) is divided by x — 4, the remainder is g(4) = 4a + b = 12.
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Question S-15 [5 points]

— 511z — 14622
Given that a is an integer and the maximum value of Q(z) = ¢ 5.2 +x7 n 10x is 167, find
x x

the value of a.

— 511z — 14622 .
Sdoa A—BHA Q)= TSI WRKAA 167, Ko H1.

Answer: [200]

Solutions:

a—511lx — 14622
Q) = 222 + Tx + 10
_a+ 730 B

C 2224 Tz + 10

730
_ a+ 73

) +72+31_
:L‘ — —_—
4 8

Since the maximum value of Q(z) is 167, a > —730.

73

Ifa < —730, Q(z) < 0.

7
When x = -7 Q(z) has maximum value
B a4 730)— 73 = 167
31\ -

This gives a = 200.
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Question S-16 [5 points]

Find the smallest positive integer n such that v/n + 2020 — /n < 20.

KA EEH n 143 Vn + 2020 — v/n < 200

Answer: [1641]

Solutions:

vn + 2020 — /n < 20
2020 <9
Vvn + 2020 ++/n

Vvn + 2020 + v/n > 101

0

We first consider v/n + 2020 + /n = 101. Then v/n + 2020 — y/n = 20.

81 1 1
Hence,\/5:7:4O—|—§andn:1600+40+1.

V1640 + 2020 — v/1640 = 20.001

V1641 4 2020 — V1641 = 19.9969

For n < 1640, v/n + 2020 — \/n > /1640 + 2020 — /1640 > 20.

SENIOR CATEGORY

Therefore, the smallest positive integer n such that v/n + 2020 — /n < 20 is 1641.
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Question S-17 [5 points]

How many real solutions does the equation x + \/ x2 + Va3 + 16 = 2 have?

FAEX x + \/x2 +V23+16 =2 A IUNFE R

Answer: [1]

Solutions:

Va4 VS 1 16=2 -4
2?4+ Va3 +16 =4 — 4o + 27
Va3 +16 = 4 — 4z
2+ 16 = 16 — 32z + 162>
z(z® — 167 +32) =0

r=0 or z=8%+4V2

Notice that 8 + 4v/2 > 0.
Ifa:>0,x+\/x2+\/:r;3+16>2.
Hence, z + \/£C2 + V23 4+ 16 = 2 only has one solution x = 0.
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Question S-18 [5 points]

A line separates the plane into 2 regions. Now the plane is separated into N regions by 41
distinct lines. If the maximum value of N is M, and the minimum value of N is m, find

M + m.

— 5 A&FTFasRANREIR. I-F@A 4] FAAFOLEI RN NMRIR, F N R
KA AMED A A M 5 m, K M +m 8918,

Answer: [904]
Solutions:
Let M}, be the maximum number of regions on the plane separated by £ lines. When we add in

the £ + 1 line, it can add k + 1 regions. Therefore,
My, — My =k + 1.

This shows that
My — My =41 4+40+ ... + 2.

Therefore,
41 x 42

Mpyp=1+41+40+...4+1) 5

+ 1 = 862.

The minimum number of regions on the plane separated by £ lines is when all the 41 lines are
parallel, which give m = 42.

Therefore, M + m = 904.
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Question S-19 [5 points]

The figure below shows two circles with same radius R = 85. If the distance between the two
centers is 142, find the area of the largest square that can be inscribed in the region where the

two circles overlap.

TR, BARGFEZHEAR=85, AUHEHL142. KAASEARAETEZI 0%
K IE 7 69 @ AR,

Answer: [676]

Solutions:

>

PC:85,PM:%:71.

Let M N = a. Then CN = a.

a® + (a +71)% = 852
2a° + 1420 — 2184 =0
a®+ 7la — 1092 = 0

(a—13)(a+84) =0

This shows that @ = 13 and hence the area of the largest square is 4a = 676.
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Question S-20 [S points]

Given that k is a constant and the function

(r+1)* -1
f@) = T
k,
is differentiable. Find f’(0).
Cfo k& — %R & H
(r+1)*® -1
/() = T
k,

THk, £ £(0)e

Answer: [406]
Solutions:

Since f is differentiable, it is continuous. Hence,

k= F(0) = lim f(z) = lim BF D71

z—0 z—0

Organized by XIAMEN UNIVERSITY MALAYSIA
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= lim 29(z + 1)*® = 29.
z—0
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Question S-21 [6 points]

Given that ay, as, . .., a0 1S an arithmetic sequence with integer terms, and the common dif-
ference 1s 1111. If the last three digits of a4 1s 099, and the last three digits of a,, is 901, find

n.

EJ;EU ay, a2, ..., A1000 79{"/1—\\7_{1—_%7 1111 éﬁ%i%ﬁi‘], ﬂﬁb%ﬁi']éﬁ‘gffjﬁ%ﬁ%%k%io
%CL148 éﬁﬂ%}éf—’{i%i% 099, Qp éﬁﬂ%)\%f—{i%i% 901, /]L’»no

Answer: [930]
Solutions:

Leta = ay;andd = ay — a; = 1111. Then

a+147d =99 mod 1000
a+ (n—1)d =901 mod 1000
1111(n — 148) =802 mod 1000
111(n — 148) =802 mod 1000
999(n — 148) =7218 mod 1000
n — 148 =1000 — 218 mod 1000

n =930 mod 1000

Since n has to be less than 1000, n = 930.
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Question S-22 [6 points]

In the figure shown below, ABCD is a rectangle, AG//CE, BH//DF, AH : AD =7 : 85,
BE : BA = 3 : 11. Given that the ratio of the area of parallelogram PQ RS to the area of
rectangle ABCD is m : n, where m and n are positive integers. Find the smallest possible

value of n.
TEY, ABCD #K 7 #, AG//CE, BH//DF, AH : AD =7:85, BE: BA =

3:11e ©C4-FHWAK PQRS 9@ MmEK G M ABCD @Mz Z2 m :n, H
o, n LEESH, Kndg TR,

D G C
R
H F
P
0
A E B
Answer: [239]
Solutions:
Letk—l l—i AB =p, AD =
S IE T R i St

Putting a coordinate system so that A is at the origin, B is on positive z-axis, and D is on

positive y-axis. Then we have

A=(0,0), B=(p0), C=(pq), D=(0,q9), G=(pq), H=/(0kq).

k
The equations of AG and BH are respectively y = lgx, Yy = ——q(a: — D).
p
kl k
Solving these two equations give the coordinates of P as (x1,;) = (1 i D, Tk lq).
The equation of DF'isy — q = ——q:c. Solving this with y = lgx give the coordinates of S as

T = .
By symmetry, the coordinates of Q 1S

o) — (o ! ! (14 kl—-1 K
T3 Y3) = 1+ kP 1w T\ i)

The area of parallelogram PQ RS is twice the area of AP(Q)S. Hence, the area of parallelogram
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PQRS is

r1 x2 w3 21l (1—k)(1=1) 156
- T 1w 1T o3Pt
Y Y2 Ys

156
This shows that & = ~—~. Since 156 and 239 are relatively prime, the smallest possible value

n 239
of n is 239.
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Question S-23 [6 points]

In the figure shown below, By, By, Bs, ... and C1, Cy, Cs, . . . are two sequences of points. The
sequence of lines B1C, Bo(C5, BsCs, ... are parallel, and the sequence of lines B,Cs, ByCls,
B3Cy, . .. are parallel. Given that AB, : BBy = 11 : 8, S, is the area of AB,,C,,C,, 11, S is the
sum of the infinite series S; + Sy + S3 + ..., and T'is the area of AAB,C,. If S: T =m : n,

where m and n are relatively prime positive integers, find the value of m + n.

TRY, B, By, Bs, ... 5C1, Cy, Cs, ... FBANFIN S, BIC, ByCo, BsCs,

X—FF 8 HEREZMTT, BCy, ByCs, BsCy, ... X—F I AZKL L
MFAiT. © 4 ABy : ByB, = 11 : 8, S, A AB,C,Chyy W@, S ALFT A
S+ S+ S5+... B9k, T HAABC, t9@#, S:T=m:n, ¥ mEnHhE
JREGIEHER . K m+n 6918,

B, C

B 4
3%%
B
2 CZ

By C

Answer: [49]

Solutions:
ABs 11
Letk = = —,
=B, T 19
By similarity, S, = k2S,,.
Hence,
Sy
S—Sl+52+83+—1_—]€2
On the other hand
Si_ GG _ 8
T AC, 19
Hence,
m 8 1 B 19
no 19, 121 30°
361
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This gives m = 19, n = 30 and m + n = 49.
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Question S-24 [6 points]

The number of new students in Lizhi Secondary School is not more than 1000. Ms Lim, Ms
Zhang and Ms Yu independently divide these students into several groups for the activities they
organize. Ms Lim divides the students into 9 groups evenly. Ms Zhang divides the students
into 11 groups, but four of the groups have one student more than the other seven groups. Ms
Yu divides the students into 13 groups, but six of the groups have one student less than the
other seven groups. If the school wants to divide the students into classes with same number of
students, each class cannot have more than 40 students, at least how many classes should there

be?

B ET F AR AL 1000 AVAR . AREIT, KEIF R AL IF 9 5 H X R 4 548

EHho MENMKFFAFIA A, REFHFES R 11 A, AATWEALEL LA
— i A, AXFHEFASKRIZ A, AL At am )y —{fagAd, RS

ﬁ%ﬁ FAEPI, BREARELE A0 AUR, FEARE—H, 2V RZSRIL

HE?

Answer: [43]
Solutions:
If n is the total number of students, then n = 9m = 11k + 4 for some positive integers m and
k.
We have
2k4+4=0 mod 9
k+2=0 mod?9

k=7 mod9
Hence, kK = 9] + 7 and n = 99 + 81. We also have

99] +81 =7 mod 13

8 =4 mod 13
2l=1 mod 13
=7 mod 13

Hence, [ = 13q + 7 and hence n = 1287q + 774.

Since the school has no more than 1000 new students, it has 774 students.
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Since 774 = 2 x 3 x 3 x 43, and the number of students in a class must be a factor of 774.

The largest factor of 774 less than 40 is 18. Hence, there should be at least 43 classes.
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Question S-25 [6 points]

2 2
Let w = cos ﬁ + ¢ sin Hﬁl Find the value of
(w—1Dw?=1)... (" -1).
21 27
o . *
1% cu—cos—101 + i sin ik K

(w—Dw?*=1)... (WP =1)
RIS

Answer: [101]
Solutions:

Notice that for any integer £,

(wk)l()l — (wlol)k —1.

SENIOR CATEGORY

Hence, 1, w, w?, ..., w'% are the distinct roots of 2'°! — 1 = (. This shows that
L1000 g
(z—w)(z—w?) .. (2 —w') = | =42+ 4L
x —

Put z = 1, we have

0l=1-wl-w)...1-w=(w-1)(w —1)... (" —=1).

Organized by XIAMEN UNIVERSITY MALAYSIA

Page 28 of 35



CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2020 SENIOR CATEGORY

Question S-26 [8 points]

A strictly increasing sequence is constructed from the positive integers that are relatively prime

to 2020. Find the 356™ term.

¥5 2020 ZRHEEK G DB KGIRFHED R—A3%7, K% 356 M.

Answer: [897]

Solutions:

Since 2020 = 2% x 5 x 101, a positive integer is relatively prime to 2020 if and only if it is
relatively prime to 2, 5 and 101.

Among positive integers not larger than N, the numbers of those that are relatively prime to

2020 is

s == [3] = |5~ Le) + 5] # )+ [ss] - o]

The 356" term in the sequence is the smallest NV such that f(N) = 356.
We notice that £(800) = 317, £(900) = 357. We are close now.
We find that f(899) = 357, f(898) = 356, f(897) = 356 and f(896) = 355.

This shows that the 356" term in the sequence is 897.
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Question S-27 [8 points]

Let S = {47z + 54y |z, y are nonnegative integers}. Among the positive integers less than

10000, how many of them are not in the set S?

&S = {47z + by |z, y RAE AR}, £ T 10000 89 EXE K, H Z VAR
S F?

Answer: [1219]
Solutions:

Notice that if & is an integer, the integer solutions (x,y) to 47z + 54y = k can be written as
x =23k — 54n, y =47n — 20k

for some integer n.

In order that x and y are nonnegative integers, we must have

o4 47
—_—n << < —
23" = = 20"

for some nonnegative integers n.

Equivalently, there must be a nonnegative integer n so that

20 23
—k<n<—k.
a7 =" =5
Notice that if £ > 2538,
23 20,k -1
54 47 2538 7
So there is always one integer n so that
20 23
—k <n<—k.
7" ="=

Hence, we only need to count how many positive integers not larger than 2538 that are in S.

This is the same as counting for each 1 < n < 1080, how many integers k are such that

54 47

—n < k< —n
23 20
Notice that when n < 1080,
47 54
Z(n—1 =
20" 1) <53
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and so no k would be double counted.
If | x] is the largest integer not larger than z, and [ x| is the smallest integer not smaller than z,

we find that the number of positive integers k not larger than 2538 that are in .S is

S ([20] - [2t] 1) =55 | ][] 10

n=1 n=1

1080 54 20

2 %’LJ g {2_70 (20(k 1) + r)J
:ii <7k:— 7+ {%TD
-y (140k — 76)

> {28—3”} Zii [2% (23(k —1) Hﬂ — 376
:i 3 <8k—8+ "28—37‘—‘> — 376

=" (184k — 77) — 376
k=1

The number of positive integers k not larger than 2538 that are in .S is

54 X 55 AT x 48

140 x — 76 x 54 — 184 x + 77 x 47 + 376 + 1080 = 1319.

Therefore, the number of positive integers not in S is 2538 — 1319 = 1219.
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Question S-28 [8 points]

Given that n is a positive integer, and N = 2040 + n. If V has exactly 10 positive factors, find

the smallest possible value of n.

Chan £—EEHK, N=2040+n. = N BFH 10 NAEHREK, £n 9% DT
18,

Answer: [56]

Solutions:
If the prime factorization of N is N = p{'p5*...p.*, where py, po, ..., p; are distinct prime
numbers, and ay, as, ..., a; are positive integers, then N has (a1 + 1)(az + 1) ... (ax + 1)

positive factors.
Given that N has exactly 10 = 2 x 5 positive factors, N must be of the form p® or p;p3.
Integers of the form p® in ascending orders of p are 512, 19683, . ..

Integers of the form p;pj are

e 16p;, where p; is a prime not equal to 2. The smallest such number larger than 2040 is

2096 when p; = 131 .

e 8lp;, where p; is a prime not equal to 3. The smallest such number larger than 2040 is

2349 when p; = 29.

e (25p;, where p; is a prime not equal to 5. The smallest such number larger than 2040 is

4375 when p; = 7.
o 7% =2401, so for p, > 7, N would be larger than 2040.

The smallest positive n is 56.

Organized by XIAMEN UNIVERSITY MALAYSIA Page 32 of 35



CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2020 SENIOR CATEGORY

Question S-29 [8 points]

Let P=1x3x...x 9999 be the product of the odd positive integers less than 10000. Find

the largest integer & such that 15% divides P.

FP=1x3x...x9999 2. F 10000 & EFFKaIFA, £R KOGEK L AE4F 1655 7T

VAR P,

Answer: [1250]

Solutions:

P is divisible by 15* if and only if it is divisible by 3* and 5.
The multiples of 5 among all odd integers less than 10000 are

5,15,25,...,9995

There are 1000 of them.

The multiples of 25 among all odd integers less than 10000 are
25,75,125,...,9975

There are 200 of them.

The multiples of 125 among all odd integers less than 10000 are
125,375,625, ...,9875

There are 40 of them.

The multiples of 625 among all odd integers less than 10000 are
625, 1875,3125,...,9375

There are 8 of them.

The multiples of 3125 among all odd integers less than 10000 are
3125,9375

There are 2 of them.
The largest k such that 5* divides P is

1000 + 200 4 40 + 8 4+ 2 = 1250.
31250

also divides P.

Hence, the largest k such that 15* divides P is 1250.
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Question S-30 [8 points]

Let S = {2,5,8,...,83} be the set containing all positive integers less than 84 which leaves a
remainder of 2 when divided by 3. For a set A that is a subset of S, define f(A) to be the sum
of the elements in A. If f(A) = 83, we say that A is awkward. Among all the subsets of .S,

how many of them are awkward?

KRS ={2,58,...,83} BT84, HEMAIA2WHEEKEL, T SHTESL A,
Z f(A) A AFHALE WA, & f(A) =83, A sLAMRABBYESL, S BT
Ed, AIAZMMRE?

Answer: [97]
Solutions:

Let A be an awkward subset of S. Notice that if A has m elements, then

m(3m + 1).

fA) 22454 43m—1= ="

For f(A) =83, m < 7.
If the m elements of Aare 3k; — 1,3k — 1, ..., 3k,, —1withl < ki <ky < ... <k, <28,
then

3(ki + ko + ... +kn) =8+m.
This shows that m should leave a remainder of 1 when divided by 3.
Hence, m can only have 1, 4 or 7 elements.
If m = 1, then A = {83}. There is only one such A.
If m =4,

ky + ko + ks + kg = 29.

Let

ki =a+1,
ko =a+1+0b0+1,
ks=a+14+0+14+c+1,
ky=a+14+b0+1+c+1+d+1
The solutions for (k, ko, k3, k4) are in one-to-one correspondence with the nonnegative integer

solutions to

4da +3b+2c+d = 19.
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The number of solutions is

4 L1974aJ L19742a73bj 19§4aJ

; 1224: 5 ({19—4;—35J+1>

a=0 c=0 a=0
19 15 11
—%(Fg_ng+l)+bJ( 15—36J 1) %(Fl—:sbJ 1)
N 2 2 2
b=0 b=0 - b=0
T 3
15] 7 _ 3 13] 33
+ — | +1)+ — | +1
2 2
b=0 b=0 -
=94
Ifm=717,
ki + ko + k3 + kg + ks + k¢ + k7 = 30.
Let

ki =a+1,

ko =a+1+b+1,

ks=a+14+b+1+c+1,
ky=a+14+b+1+c+1+d+1,

ks =a+14+b0+1+c+1+d+1+e+1,

k¢ =a+1+b+14+c+1+d+1+e+1+ f+1,

kr=a+1+b+1+c+1+d+1+e+14+f+1+g+1

The solutions for (ky, ko, k3, k4, k5, k¢, k7) are in one-to-one correspondence with the nonnega-

tive integer solutions to
Ta+6b+5bc+4d+3e+2f +g=2.

Then we must have a = b = ¢ = d = e = 0, and 2f + g = 2. Then we can only have
(f,9) = (0,2) or (1,0). Two cases.

Altogether, there are 97 awkward sets.
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