
   
CHEN JINGRUN¾S CUP SECONDAR< SCHOOL  

MATHEMATICS COMPETITION 2020 

                                        
  

Date:    22nd August 2020            Time:   2:00 pm to 4:30 pm 
日期：2020 年 8 月 22 日 时䰪：下午 2 时至下午 4 时半                          

Instructions and Information 
考生亱知 

1. This paper contains 30 questions. Each question is a short question which carries 4 to 8 points. 
本试卷有 30 道从目，每从都是问答从，分数介于 4 分至 8 分之䰪。 

2. The answer for each question is an integer. 

每从的答案是一个整数。 

3. All the diagrams are not drawn to scale. They are intended as aids only. 

所有的图形并没有按照比例作图，只作为辅助之用。 

4. In this paper, ¬ ¼x  denotes the greatest integer less than or equal to x . 

For example, ¬ ¼ 22 = , ¬ ¼ 22 �=� , ¬ ¼ 26.2 = , ¬ ¼ 36.2 �=� . 

在这份试卷中， ¬ ¼x 表示小于或等于 x的最大整数。 

例如： ¬ ¼ 22 = ， ¬ ¼ 22 �=� ， ¬ ¼ 26.2 = ， ¬ ¼ 36.2 �=� 。 
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Question S-01 [4 points]

In the figure shown below, ABCD is a rectangle with AB = 7 and BC = 4
p
3. �ABE and

�BCF are equilateral triangles. If x = EF , find the value of x2.

下图中，ABCD 是长方形，AB = 7，BC = 4
p
3。�ABE 及 �BCF 是等边三角形。

若 x = EF，求 x
2 的值。

Question S-02 [4 points]

There are 6 blue pens and 4 red pens in a box. After Ms Zhang randomly takes away two pens

from the box, Ms Xiao randomly takes away another two. If the probability that the two pens

Ms Xiao takes are both red is p, find the value of 5040p.

一个盒子中有 6支蓝笔， 4支红笔。张老师先任意从盒子中取走两支笔，萧老师再任

意取两支。若萧老师拿到的两支都是红笔的概率是 p，求 5040p的值。
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Question S-03 [4 points]

Let

A1 =
�
log2k�1(2k + 1) | k is an integer, 2  k  1093

 
,

A2 =
�
log2k+1(2k � 1) | k is an integer, 2  k  364

 
.

Define P1 to be the product of all the elements in A1, and P2 the product of all the elements in

A2. Find
P1

P2
.

设

A1 =
�
log2k�1(2k + 1) | k 是整数, 2  k  1093

 
,

A2 =
�
log2k+1(2k � 1) | k 是整数, 2  k  364

 

定义 P1 为 A1 中所有元素的乘积，P2 为 A2 中所有元素的乘积。求
P1

P2
。

Question S-04 [4 points]

As shown in the figure below, a circle is inscribed in the trapezium ABCD. Given that AB =

50, CD = 18 and AD = BC. If the area of the circle is ⇡a, find the value of a.

如下图所示，一圆内切于梯形 ABCD 中。已知 AB = 50，CD = 18且 AD = BC。若

圆的面积为 ⇡a，求 a的值。
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Question S-05 [4 points]

The three side lengths of an isosceles triangle are integers. If the longest side has length 1000,

the shortest side has length x, find the smallest possible value of x.

一等腰三角形三边的长都是整数。若最长的边长1000，最短的边长 x，求 x的最小可

能值。

Question S-06 [4 points]

If k is a nonnegative integer and n is a positive integer such that k  n, define

0

@n

k

1

A to be the

number of ways to choose k objects from n objects. Find the value of n such that

nX

k=1

0

@2n+ 1

k

1

A = 2586 � 1.

当 k 是非负的整数，n是正整数且 k  n时，定义

0

@n

k

1

A为从 n 个不同的东西选

取 k 个的方法数。求 n的值使得

nX

k=1

0

@2n+ 1

k

1

A = 2586 � 1

Question S-07 [4 points]

Given that the two curves y = x
2 � 2x� k and y = �2x2 + 34x� 2k + 1 are tangent to each

other, find the value of k.

已知曲线 y = x
2 � 2x� k 和曲线 y = �2x2 + 34x� 2k + 1相切，求 k 的值。
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Question S-08 [4 points]

In �ABC, \BAC = 60�. D is a point on the circumcircle of �ABC such that AD bisects

\BAC. If BC
2 = 789, find BD

2.

�ABC 中，\BAC = 60�。D 是 �ABC 外接圆上的一点使得 AD 平分 \BAC。

若 BC
2 = 789，求 BD

2。

Question S-09 [4 points]

Given that (a, b) is the point on the curve x
2 + y

2 � 44x+ 38y + 556 = 0 that is closest to the

line 15x� 8y + 56 = 0. Find a
2 + b

2.

已知 (a, b)是在曲线 x
2 + y

2 � 44x+ 38y + 556 = 0 上与直线 15x� 8y + 56 = 0 最靠近

的点，求 a
2 + b

2。

Question S-10 [4 points]

Given that x is a positive integer such that
s

x+

r

x+
q

x+
p
x+ . . . = 31.

Find x.

已知 x是一正整数使得
s

x+

r

x+
q

x+
p
x+ . . . = 31

求 x。

Question S-11 [5 points]

How many ways are there to distribute 20 identical pens to 5 teachers so that every teacher gets

at least two pens?

有多少种方法可以将 20支一样的笔分给 5位老师，每人至少分两支?
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Question S-12 [5 points]

A school has four clubs, A, B, C, D, whose members are students in this school. Every two

clubs have 227 common members. Every three clubs have 117 common members. There are

exactly 17 students that join all four clubs. At least how many students does club A have?

已知一间学校有 A、B、C、D四个学会，每个学会的会员都是该校的学生。每两个学

会有 227位共同会员，每三个学会有 117位共同会员，恰有 17位学生是这四个学会的

共同会员。学会 A至少有几位会员?

Question S-13 [5 points]

Given that
nX

k=1

1p
3k + 1 +

p
3k � 2

= 17, find the value of n.

已知
nX

k=1

1p
3k + 1 +

p
3k � 2

= 17，求 n的值。

Question S-14 [5 points]

Given that when the polynomial f(x) is divided by (x�1)(x�2)(x�3)(x�4), the remainder

is x(x � 1)(x � 2). When f(x) is divided by (x � 2)(x � 3), the remainder is g(x). Find the

remainder when g(x) is divided by x� 4.

已知多项式 f(x) 除以 (x � 1)(x � 2)(x � 3)(x � 4) 得余项 x(x � 1)(x � 2)，f(x) 除

以 (x� 2)(x� 3) 得余项 g(x)。求 g(x) 除以 x� 4 的余数。

Question S-15 [5 points]

Given that a is an integer and the maximum value of Q(x) =
a� 511x� 146x2

2x2 + 7x+ 10
is 167, find

the value of a.

已知 a 是一整数且 Q(x) =
a� 511x� 146x2

2x2 + 7x+ 10
的最大值为 167，求 a 的值。
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Question S-16 [5 points]

Find the smallest positive integer n such that
p
n+ 2020�

p
n < 20.

求最小的正整数 n 使得
p
n+ 2020�

p
n < 20。

Question S-17 [5 points]

How many real solutions does the equation x+

q
x2 +

p
x3 + 16 = 2 have?

方程式 x+

q
x2 +

p
x3 + 16 = 2 有几个实数解?

Question S-18 [5 points]

A line separates the plane into 2 regions. Now the plane is separated into N regions by 41

distinct lines. If the maximum value of N is M , and the minimum value of N is m, find

M +m.

一条直线将平面分成两个区域。现平面被 41条相异的直线分成 N 个区域。若 N 的最

大值与最小值分别为M 与 m,求M +m的值。

Question S-19 [5 points]

The figure below shows two circles with same radius R = 85. If the distance between the two

centers is 142, find the area of the largest square that can be inscribed in the region where the

two circles overlap.

下图中，两个圆的半径都是 R = 85，圆心的距离是 142。求内含在两圆重叠部分的最

大正方形的面积。
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Question S-20 [5 points]

Given that k is a constant and the function

f(x) =

8
><

>:

(x+ 1)29 � 1

x
, x 6= 0

k, x = 0

is differentiable. Find f
0(0).

已知 k 是一常数且函数

f(x) =

8
><

>:

(x+ 1)29 � 1

x
, x 6= 0

k, x = 0

可微，求 f
0(0)。

Question S-21 [6 points]

Given that a1, a2, . . . , a1000 is an arithmetic sequence with integer terms, and the common dif-

ference is 1111. If the last three digits of a148 is 099, and the last three digits of an is 901, find

n.

已知 a1，a2，. . .，a1000 是一公差为 1111 的等差数列，且此数列的每一项都是整数。

若 a148 的最后三位数是 099，an 的最后三位数是 901，求 n。
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Question S-22 [6 points]

In the figure shown below, ABCD is a rectangle, AG//CE, BH//DF , AH : AD = 7 : 85,

BE : BA = 3 : 11. Given that the ratio of the area of parallelogram PQRS to the area of

rectangle ABCD is m : n, where m and n are positive integers. Find the smallest possible

value of n.

下图中，ABCD 是长方形，AG//CE，BH//DF，AH : AD = 7 : 85，BE : BA =

3 : 11。已知平行四边形 PQRS 的面积与长方形 ABCD 的面积之比是 m : n，其

中 m，n 是正整数，求 n的最小可能值。
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Question S-23 [6 points]

In the figure shown below, B1, B2, B3, . . . and C1, C2, C3, . . . are two sequences of points. The

sequence of lines B1C1, B2C2, B3C3, . . . are parallel, and the sequence of lines B1C2, B2C3,

B3C4, . . . are parallel. Given that AB2 : B2B1 = 11 : 8, Sn is the area of �BnCnCn+1, S is the

sum of the infinite series S1 + S2 + S3 + . . ., and T is the area of �AB1C1. If S : T = m : n,

where m and n are relatively prime positive integers, find the value of m+ n.

下图中，B1，B2，B3，. . . 与 C1，C2，C3，. . . 是两个序列的点。B1C1，B2C2，B3C3，

. . . 这一序列的直线互相平行，B1C2，B2C3，B3C4，. . . 这一序列的直线也互

相平行。已知 AB2 : B2B1 = 11 : 8，Sn 为 �BnCnCn+1 的面积，S 为无穷级

数 S1 + S2 + S3 + . . . 的和，T 为�AB1C1 的面积，S : T = m : n，其中 m与 n为互

质的正整数。求 m+ n的值。
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Question S-24 [6 points]

The number of new students in Lizhi Secondary School is not more than 1000. Ms Lim, Ms

Zhang and Ms Yu independently divide these students into several groups for the activities they

organize. Ms Lim divides the students into 9 groups evenly. Ms Zhang divides the students

into 11 groups, but four of the groups have one student more than the other seven groups. Ms

Yu divides the students into 13 groups, but six of the groups have one student less than the

other seven groups. If the school wants to divide the students into classes with same number of

students, each class cannot have more than 40 students, at least how many classes should there

be?

励志中学的新生在 1000 人以内。林老师，张老师及余老师分别将这些新生分组进行

活动。林老师将学生平分为 9组。张老师将学生分成 11 组，有其中四组比其他七组

多一位学生。余老师将学生分成 13 组，有其中六组比其他七组少一位学生。如果学

校要将这些学生分班，每班人数要在 40 人以内，每班人数要一样，至少应该分成几

班?

Question S-25 [6 points]

Let ! = cos
2⇡

101
+ i sin

2⇡

101
. Find the value of

(! � 1)(!2 � 1) . . . (!100 � 1).

设 ! = cos
2⇡

101
+ i sin

2⇡

101
。求

(! � 1)(!2 � 1) . . . (!100 � 1)

的值。
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Question S-26 [8 points]

A strictly increasing sequence is constructed from the positive integers that are relatively prime

to 2020. Find the 356th term.

将与 2020 互质的正整数按由小到大的顺序排列成一个数列，求第 356 项。

Question S-27 [8 points]

Let S = {47x + 54y | x, y are nonnegative integers}. Among the positive integers less than

10000, how many of them are not in the set S?

设 S = {47x + 54y | x, y是非负的整数}。在小于 10000的正整数中，有多少个不

在 S 中?

Question S-28 [8 points]

Given that n is a positive integer, and N = 2040 + n. If N has exactly 10 positive factors, find

the smallest possible value of n.

已知 n 是一正整数，N = 2040 + n。若 N 恰好有 10 个正的因数，求 n 的最小可能

值。
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Question S-29 [8 points]

Let P = 1 ⇥ 3 ⇥ . . . ⇥ 9999 be the product of the odd positive integers less than 10000. Find

the largest integer k such that 15k divides P .

设 P = 1⇥ 3⇥ . . .⇥ 9999 是小于 10000 的正奇数的乘积。求最大的整数 k 使得 15k 可

以整除 P。

Question S-30 [8 points]

Let S = {2, 5, 8, . . . , 83} be the set containing all positive integers less than 84 which leaves a

remainder of 2 when divided by 3. For a set A that is a subset of S, define f(A) to be the sum

of the elements in A. If f(A) = 83, we say that A is awkward. Among all the subsets of S,

how many of them are awkward?

设 S = {2, 5, 8, . . . , 83}为小于 84，且除以 3余 2的正整数集合。对于 S 的子集合 A，

定义 f(A) 为 A中所有元素的和。若 f(A) = 83，A 就被称为尴尬的集合。S 的子

集中，有几个是尴尬的?
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