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CHEN JINGRUN'’S CUP SECONDARY SCHOOL
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Instructions and Information

x4 R
This paper contains 30 questions. Each question is a short question which carries 4 to 8 points.
AREAR 30EA R, HFAHALFER, PENT40E8HZH,
The answer for each question is an integer.
AL BT A —NER
All the diagrams are not drawn to scale. They are intended as aids only.
P A 69 B 1 % A R IR B, RAE AR BZ A .
In this paper, \_xj denotes the greatest integer less than or equal to x.
For example, |_2J =2, \_— 2J =-2, |_2.6J =2, \_— 2.6J =-3.
HEEREF, |x|AFDTFRET xR KEK.
B4 [2]=2, |-2]=-2, [2.6]=2, [-26]=-3.
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Question S-01 [4 points]

In the figure shown below, ABC'D is a rectangle with AB = 7 and BC = 4v/3. AABFE and
ABCTF are equilateral triangles. If z = E'F, find the value of 2.

TFTEY, ABCD 2% ##, AB="T7, BC =4v3. AABE % ABCF %=/,
% x=FEF, K 22 894,

Question S-02 [4 points]

There are 6 blue pens and 4 red pens in a box. After Ms Zhang randomly takes away two pens
from the box, Ms Xiao randomly takes away another two. If the probability that the two pens

Ms Xiao takes are both red is p, find the value of 5040p.

—ANETFTPHOXEE, 4FT 4%, RETAEENETIPRAALE, FHIFHE
BERAL, EHELTEINGH LM LENBMER p, K 5040p #9148,
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Question S-03 [4 points]

Let

Ay ={logy,_,(2k 4+ 1) | k is an integer, 2 < k < 1093},

Ay ={logy,1(2k — 1) | kis an integer, 2 < k < 364} .

Define P; to be the product of all the elements in Ay, and P, the product of all the elements in

Py
As. Find —.
2 1mn P2

i

Ay ={logy,_(2k + 1) | k A%, 2 <k <1093},
Ay ={logy 1 (2k — 1) | k A%, 2 <k <364}

P

X P A A PR LENRR, P, A Ay PITHE LENEMR. K 2
2

Question S-04 [4 points]

As shown in the figure below, a circle is inscribed in the trapezium ABC'D. Given that AB =
50, CD = 18 and AD = BC(' If the area of the circle is 7a, find the value of a.

W TFTET, —BAWTHA ABCD . &4 AB=50, CD =18 L AD=BC, %
H ey @iRA wa, K a 6918,
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Question S-05 [4 points]

The three side lengths of an isosceles triangle are integers. If the longest side has length 1000,

the shortest side has length z, find the smallest possible value of x.

— SRR A KRB, ERKGILKI000, REGA Kk x, KR DT
AEAR .

Question S-06 [4 points]

n
If k is a nonnegative integer and 7 is a positive integer such that £ < n, define to be the
k

number of ways to choose k objects from n objects. Find the value of n such that

" o[2n+1

Z :2586_1.

Yh RAERMES nAEERAL<ni, 2L || Ahn ARAGE®E
k

B AN TR, K n 09{ER AT

“[2n+1 _ o6 g

Question S-07 [4 points]

Given that the two curves y = 22 — 22 — k and y = —2x° + 34x — 2k + 1 are tangent to each

other, find the value of k.

Chd & y=0?—20 — kA& y=—202+34x — 2k + 1 4841, K k 691h,
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Question S-08 [4 points]

In AABC, ZBAC = 60°. D is a point on the circumcircle of AABC' such that AD bisects
/BAC. If BC* = 1789, find BD?.

AABC %, /BAC = 60°. D & AABC #h3 R L& — & 1813 AD F 4% /BAC.
#* BC? =789, £ BD?,

Question S-09 [4 points]

Given that (a, b) is the point on the curve x2 + y* — 44x + 38y + 556 = 0 that is closest to the
line 152 — 8y + 56 = 0. Find a? + b°.

Ca (a,b) RAEME 22 +y? — 440 + 38y +556 =0 L5 AKX 150 —8y+56 =0 RIFL
éﬁ;g‘i, ;Ka2+b2c

Question S-10 [4 points]

Given that x is a positive integer such that

\/x+\/x+\/x+m:31.

Find z.

C 4 r & —IEEHAFIF

\/:B—I—\/ij\/:zH—m:?)l

K xo

Question S-11 [S points]

How many ways are there to distribute 20 identical pens to 5 teachers so that every teacher gets

at least two pens?

B SV TETOAR 20 X —HWEFL S5, FAES AR
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Question S-12 [5 points]

A school has four clubs, A, B, C, D, whose members are students in this school. Every two
clubs have 227 common members. Every three clubs have 117 common members. There are

exactly 17 students that join all four clubs. At least how many students does club A have?

Al T ERER, BENFAEA T ERESR, A 17T /5FARZXWEANFELY

ER 2R, FEAZVAHIUEZAR?

Question S-13 [S points]

- 1
Given that = 17, find the value of n.
;\/3k+1+\/3k—2
- 1
&éfﬂ = 17, }ji n éﬁ'{ﬁo
;\/3k+1+\/3k:—2

Question S-14 [5 points]

Given that when the polynomial f(x) is divided by (z — 1)(x —2)(x — 3)(z —4), the remainder
is z(x — 1)(x — 2). When f(z) is divided by (z — 2)(z — 3), the remainder is g(z). Find the

remainder when ¢(z) is divided by = — 4.

Cx LA fz) BRA (- 1)z —2)(x—3)(z—4) BERAz(z—1)(x—2), flz) &
A (z—2)(x—3) AR g(x)e Kglx) Mho—4 BFK,

Question S-15 [S points]

— 511z — 14622
Given that a is an integer and the maximum value of Q(z) = ¢ 572 —l—x7 n 103; is 167, find
x x

the value of a.

— 511z — 14622 .
o a A—EHIA Qo) = "o WRKMH 167, Ka Bk,
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Question S-16 [5 points]

Find the smallest positive integer n such that v/n + 2020 — /n < 20.

K| D EEH n 45 Vn + 2020 — /n < 20

Question S-17 [S points]

How many real solutions does the equation = + \/ 22+ vVa? + 16 = 2 have?

HAERX x + \/:172 Va3 +16 =2 A ILAFE K2

Question S-18 [5 points]

A line separates the plane into 2 regions. Now the plane is separated into N regions by 41
distinct lines. If the maximum value of N is M, and the minimum value of N is m, find
M + m.

— %A FARSRAN KRR, I-F@K 4 FHFOEEY» R N MR, & N IR
KA R AMER A A M 5 m, £ M+ m 8918,

Question S-19 [S points]

The figure below shows two circles with same radius R = 85. If the distance between the two
centers is 142, find the area of the largest square that can be inscribed in the region where the

two circles overlap.

TR, AARGFEZEALZ R=85 EIUWIEHAL 142, KAASEBE T LI R
K iE 77 69 @ AR,
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Question S-20 [S points]

Given that k is a constant and the function

1)% —1
%7 z %0
flz) = v
k, r=20
is differentiable. Find f/(0).
Csn kA& —F B H
)% —1
(x+1) 7 40
flx) = o
k, x=0
Tk, K f(0).
Question S-21 [6 points]
Given that ay, as, . .., aigoo 1s an arithmetic sequence with integer terms, and the common dif-

ference is 1111. If the last three digits of aj45 1s 099, and the last three digits of a,, is 901, find

n.

&%ﬂ ai, Qas, ..., Q1000 7?5"‘/4\\2{1'_7’7 1111 éﬁ%é%ﬁid, ﬂﬁh%ﬁilléﬁgfflﬁ%ﬁ%%%io
F apg IRE ZA24E 099, a, B9RIEZAZHKA 901, K n.
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Question S-22 [6 points]

In the figure shown below, ABCD is a rectangle, AG//CE, BH//DF, AH : AD =7 : 85,
BE : BA = 3 : 11. Given that the ratio of the area of parallelogram PQRS to the area of
rectangle ABCD is m : n, where m and n are positive integers. Find the smallest possible

value of n.
TEY, ABCD #K 7 #, AG//CE, BH//DF, AH : AD =7:85, BE: BA =

3:11e ©4-FH WK PQRS 9@ E5K G ABCD @M m:n, H#
o, n LEESH, Kndg TR,

D G C
R
H F
P
0
A E B
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Question S-23 [6 points]

In the figure shown below, By, By, Bs, ... and C1, Cy, Cs, . . . are two sequences of points. The
sequence of lines B1Cy, Bo(C5, BsCs, ... are parallel, and the sequence of lines B,Cs, ByCls,
B3Cy, . .. are parallel. Given that AB, : BBy = 11 : 8, S, is the area of AB,,C,,C,, 11, S is the
sum of the infinite series S; + Sy + S3 + ..., and T'is the area of AAB,C,. If S: T =m : n,

where m and n are relatively prime positive integers, find the value of m + n.

TRY, B, By, Bs, ... 5C1, Cy, Cs, ... FBANFIN S, BIC1, ByCy, BsCs,

X—FF 6 ERLMTT, BCy, ByCs, BsCy, ... X—F I AZKEL L
MFAiT. © 4 ABy : ByBy = 11 : 8, S, A AB,C,Chyy W@, S ALFT A
S+ S+ S5+... B9k, T HAABC, #9@#, S:T=m:n, ¥ mEnHhE
JREGIEHER . K m+n 6918,
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Question S-24 [6 points]

The number of new students in Lizhi Secondary School is not more than 1000. Ms Lim, Ms
Zhang and Ms Yu independently divide these students into several groups for the activities they
organize. Ms Lim divides the students into 9 groups evenly. Ms Zhang divides the students
into 11 groups, but four of the groups have one student more than the other seven groups. Ms
Yu divides the students into 13 groups, but six of the groups have one student less than the
other seven groups. If the school wants to divide the students into classes with same number of
students, each class cannot have more than 40 students, at least how many classes should there

be?

B ET F AR AL 1000 AVAR . AREIT, TKEIF R AL IF 9 5 H X 37 4 548
EHho MEMKFFAFSA OO, REFHFES R 11 A, AL TWEALEL LA

—faA, AXFHEFASKRIZ A, AL P At am )y —{fagd, RS
ﬁ%ﬁ FAEPI, BREAREL A0 AUR, FEARE—H, 2V RZHSRIL
HE?

Question S-25 [6 points]

21 27
L = — —F he val f
etw = c03101+zsm101 ind the value o
(w—1)(w?—=1)... (" =1).
27 27 .
101 101° #*

EOEI:R
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Question S-26 [8 points]

A strictly increasing sequence is constructed from the positive integers that are relatively prime

to 2020. Find the 356™ term.

¥ 5 2020 ERGYEEK G DB KGIRFHED m—A3%7, K% 356 M.

Question S-27 [8 points]

Let S = {47z + b4y |z, y are nonnegative integers}. Among the positive integers less than

10000, how many of them are not in the set S?

RS = {47z + 54y |z, y RAERAGEHKY. £ F 10000 89 EXE # P, H S VAR
£ S F?

Question S-28 [8 points]

Given that n is a positive integer, and N = 2040 + n. If N has exactly 10 positive factors, find

the smallest possible value of n.

Cdn £—EEH, N=2040+n, =N BFAH 10 NEWREK, £n ORI TH
18,
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Question S-29 [8 points]

Let P=1x3x...x 9999 be the product of the odd positive integers less than 10000. Find
the largest integer & such that 15% divides P.

FP=1x3x...x9999 2. F 10000 & EFFeFA, £R KOGEK L AE4F 1655 7T

VAR P,

Question S-30 [8 points]

Let S = {2,5,8,...,83} be the set containing all positive integers less than 84 which leaves a
remainder of 2 when divided by 3. For a set A that is a subset of .S, define f(A) to be the sum
of the elements in A. If f(A) = 83, we say that A is awkward. Among all the subsets of .S,

how many of them are awkward?

KS=1{2,58,...,83} AT 84, HMUI AL 2WEEKEL. T SHTEL A,
R f(A) A AP AT, & f(A) =83, A A HEMMGESL. S @F
Ed, AIUANRMME?
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