CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2021 SENIOR CATEGORY

Question S-01 [S points]

Given that the function f : R — R satisfies f(3x + 2) = 2z + 2021, find f(2021).

b f R — R #HL f(3r+2) =2z 42021, K £(2021).

Answer: [3367]

Solutions:

3z + 2 =2021
x =673

2z + 2021 =3367
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Question S-02 [5 points]

In a game, each of the eight participants is given a card to write her own name on it. They
then give the cards to the host. After mixing up the cards, the host randomly distributes the
cards to the participants, each participant gets one. If z is the probability that exactly one of the

participants does not get back the card with her own name written on it, find the value of 8! x.

BE—ANFRE, NMaihbEHELAh—RKFA LELACHLST, INZEBEHEFLE XL E
BAo IFRAFIATTABE, BAEEHFTRARLEINEAEE, BA—K. ZTahh
H—ih5E2EAEHELACLTFHFAGBE, Klrefi,

Answer: [0]

Solutions:

If exactly one participant does not get back the card with her own name written on it, then all the
other seven participants get back their own cards. This cannot happen. Hence, the probability

is 0.
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Question S-03 [5 points]

Given that a, b, c are three positive numbers with (a+b—c¢) : (b+c—a) : (c+a—b)=6:7:9
anda + b+ c=176. Find b .

CHra,b,c ZAERKBL (a+b—¢): b+c—a): (c+a—-b)=6:7:9, H

a+b+c=176. Kb

Answer: [52]

Solutions:

a+b—c=6k
b+c—a=Tk
c+a—b=9k

a+b+c=22k =176
k=8
2b =13k =13 x 8

b =52
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Question S-04 [5 points]

Let x be the number of ways to permute the letters in the word INSPECTION such that the two

N’s are not adjacent, find i.
720

Xz AJ5FINSPECTION —F ¥ 893 LFHHED], BAN RAARHED # .. K

T

720°

Answer: [1008]
Solutions:

10!
The number of permutations of the word INSPECTION is BTk

9!
The number of permutations of the word INSPECTION where the two N’s are adjacent is o
The number of permutations of the word INSPECTION where the two N’s are not adjacent is
10! 9! 10 1
T =501 9 9.(4 2) 6! X 7Tx8x9x2
Hence,
x
— = 1008.
720
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Question S-05 [5 points]

In the figure below, ABC'is an equilateral triangle. ABDFE, ACFG and BC'HK are squares.
Given that AB = 2 and z is the area of the hexagon DEGF H K. Find the largest integer less

than or equal to z.

TEY, ABC 2 —AN%W=A%. ABDE, ACFG % BCHK % EFH#H, L4
AB=2H g 2<% DEGFHK t9@# 2, K I FREF v 9% KEHK,

Answer: [18]

Solutions:
/FCH = 180° — 60° = 120°

LCHF = ZCFH = 30°
CH=BC=AB =2

FH =23
1
Area of AABC:§X22X§:\/§
Area of ACFH — % 2 Y3_ 5

2
r=4V3+3x4=12+4V3

|lz] =18
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Question S-06 [S points]

Given that the set R consists of all pairs of real numbers (z, y) satisfying

2c+y—2 >0
20 —3y+6 >0
r—2y—1 <0
r+y—7 <0

Find the maximum value of x + 3y on R.

kb R B9 LFERITH i AT XA

2c+y—2 >0
20 —3y+6 >0
r—2y—1 <0
r+y—7 <0

B ERAT (v,y)e K o+ 3y £ R L8R KA.

Answer: [15]

Solutions:

Let P(0,2), Q(3,4), S(5,2) and T'(1,0). R is the polygonal region PQST bounded by the
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lines

Ly: 20+y—2=0
Ly: 22 —-3y+6=0
Ly: z—2y—1=0

L4Z x+y—7:0

We find that the maximum of = + 3y on R appears at the point ()(3, 4), and the value is 15.
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Question S-07 [S points]

Given that log;, 2 = 0.3010, how many digits does the number 22°?! have?

© 4 log, 2 = 0.3010, 2202 IAFCA LA F?

Answer: [609]

Solutions:
log, 22°* = 2021 log,, 2 = 608.321

Hence,

10608 < 22021 < 10609.

Therefore, 2202! has 609 digits.
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Question S-08 [5 points]

B 522 + 10x + 71

Find th i 1 f the functi =
ind the maximum value of the function f(x) 2 o7

B 522 4+ 10z + 71

09 7% o
24+ 2x+7 IRAM

K& f(x)

Answer: [11]

Solutions:

5(x? 4+ 2z +7) + 36

24+ 20+ 7
36

(x+1)2+6

fx) =

—5 4

When x = —1, f(z) has maximum value 11.
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Question S-09 [S points]

Four people, P, Q, R and S, are accused in a trial. It is known that

e If Pis guilty, then Q is guilty.

e If Qis guilty, then either R is guilty or P is not guilty.

e If Sis guilty, then P is guilty and R is not guilty.

e If Sis not guilty, then P is guilty.

Among these four accused P, Q, R, S, how many of them are guilty?
E—RFEIRFAEEHEP, Q, RAS, T

o WRPRAFM, WQELELHFH.

o WwRQAAFM, MNRARFHRPALFEW,

o WwRSAAFFM, NP FHHRALEN,

K
o ERESEALFEM, NMPAA R,
P, Q, R, SWiz#&E¥, AL VIaH F?

Answer: [3]
Solutions:

We analyse the two cases where P is guilty and P is not guilty.

If P is guilty, then Q is guilty. Then R is guilty or P is not guilty. But we already know that P is

guilty. Hence, R must be guilty.

Now if S is guilty, R is not guilty. But we already infer that R is guilty. Hence S is not guilty.

This implies that P, Q, R are guilty but S is not guilty.

If P is not guilty, then S is guilty. (Since if S is not guilty, P must be guilty). But then P must

be guilty. This is a contradiction.

Hence, P, Q, R are guilty and S is not guilty.
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Question S-10 [5 points]

In the figure below, ABC'D is a rectangle with AB = 12, AD = 6. The arcs AQB and CPD
are semicircles with diameters AB and C'D respectively. If the area of the shaded region is z,

find the integer that is closest to .

TFTHERY, ABCD —A%7F#, AB=12, AD =6. "KAQB AW CPD A ¥R, H
ByMA AB R CD. HERHIAS;HEAA v, KRIFLHERK,

D 9 C

Answer: [69]

Solutions:

The area of the shaded region is equal to the sum of the areas enclosed by the two semicircles,
minus the area of their common region.

Notice that /M PN = 120°.

Area of the common region is

=2 (area of sector M PN() — area of AMPN)
1 1
:2<§><7r><62—§><6\/§><3>

=247 — 18V/3
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Hence, the area of the shaded region is
v =367 — (247~ 18V3) = 127 + 18V/3 = 6.8,

The integer that is closest to x is 69.
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Question S-11 [5 points]

Given that log, b = 317, find the value of log_ /; (\/ a5b3>.
© 4 log, b =317, &K log s, (v a5b3> #9418

Answer: [956]

Solutions:

(loga a’ + log, b3)

1
log./a (\/ﬁ) = log, v/a

5 3

2
=956
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Question S-12 [5 points]

Find the sum of the integers n that satisfy the inequality 12n? < 383n — 2020.

KR ARE X 12n2 < 383n — 2020 W9 $k n Z Fo,

Answer: [304]

Solutions:

12n2 — 383n + 2020 < 0

(3n —20)(4n — 101) < 0

The sum of the integers n that satisfy the inequality is

19
T8+ 24425 = (T4 25) = 304.
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Question S-13 [5 points]

.. .. 7 7
If a and b are two distinct positive numbers such that 11a — 7 = 11b — —, find the value of

a
1001ab.

Fa AbRAMBPWOIHE 1la— g C1b— L £ 1001ab W1,
a

Answer: [637]
Solutions:

1 1 7(a—b)

a—b)=7(-—=)=
(a=1) (b a) ab
Since a — b # 0, we have
ab = 1

11

Hence,
1001ab = 637
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Question S-14 [5 points]

In the figure shown below, ABC'D is a cyclic quadrilateral, AB is a diameter of the circle.

Given that AD = 12, BC' = 19, AC = x, BD = v, find the value of y?> — z2.

TEY, ABCD R—RANEQWAA, ABRRAWELZ. 4 AD =12, BC = 19,
AC =z, BD =y, Ky*— 2?91,

Answer: [217]
Solutions:

Let AB = d. Since ZADB = ZACB = 90°, we have
d* = 2% +19% = > + 122,

Therefore,

y? — 2% = 217.
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Question S-15 [5 points]

If n is a positive integer such that

1 1 1 1
2021
0 {1><3+3><5+5><7Jr Jr(271—1)(2n+1)}

is also an integer, find the largest possible value of 7.

Fn & —EERAET

2021 [ ! L ! ! }

1x3 3x5 5x7 T @n-DEntD

LAELH, Kn 89 KT AL,

Answer: [1010]

Solutions:
1 1 1 1

%m{1x3+3x5+5x7+“"+@n—n@n+m}
:@[l_l+l—l+1—l+...+ S }
2 3 3 5 5 7 2n—1 2n+1
2021 [1__ 1 }

2 2n +1
2021
2n+1

Since n is relatively prime to 2n + 1, 2n + 1 must divide 2021.
The largest odd factor of 2021 is 2021.

Hence, the largest possible value of 7 is 1010.
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Question S-16 [5 points]

If k is an integer such that (k — 8)2® — (2k — 5)x + (k — 9) is negative for all real numbers z,

find the largest possible value of k.

FhA—EHEAS TG ER2, (k—8)2® — (2k — 5o+ (b —9) S91EARZ i 49,
Kk 69 R KT fefho

Answer: [5]

Solutions:

(2k —5)* —4(k — 8)(k—9) <0

48k < 263

263

E<—
48

The largest possible value of & is 5.
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Question S-17 [5 points]

Let a, b, c be the three roots of the equation 2® — 992 — 101 = 0. Find the value of a® + 0% + ¢>.

Ka, b, cHAFTAEAX 23 — 992 — 101 = 089 =A . Ka>+ b+ & 8918,

Answer: [303]

Solutions:

a® =99a + 101
b® =99b + 101
3 =99¢ + 101

a® + b+ =99(a + b+ ¢) + 303 = 303
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Question S-18 [5 points]

Under a rotation with respect to the point P(a, b), the image of the point A(11,5) is A’(9,11).
Find the value of 30 — a.

E gzt 5 Pla,b) AP SHEES, & ALLS) 8B~ A(9,11), K3b— atdfh.

Answer: [14]

Solutions:

AP = A'P
(a—11)* 4+ (b—5)2 = (a—9)? + (b—11)
a® +b* — 22a — 10b + 146 = a® + b* — 18a — 22b + 202
12b — 4a = 56

3b—a=14
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Question S-19 [5 points]

In the figure below, A;B,C1D,FE F; is a regular hexagon. The midpoints of the sides of
A1 B,Cy D, Ey F are joined to form the hexagon A; BoCy Dy Ey Fy. The midpoints of the sides
of Ay BoCy Dy s Fy are joined to form the hexagon A3 B3C'3 D3 E5 F3. This process continues to
form the hexagons A, B,,C,, D, E,, F}, for all n > 2. If the area of the hexagon A, B,,C,, D, E,, F,,
is S,,, and S; = 228, find the sum of the infinite series S; + So + S35 + .. ..

4o F BB, ABCiD\E\Fy 2—/NENAF, ¥ A BCDIEF, &89 SEA42%
HAF B NAR AyBoCoDyFoFhye ¥ AyBoCoDyFolFy &3 69 ¥ & i A2 k315 8] 55 34 /4
A3B3C3D3EsFs0 BT E XA UFZR A > 2060248 A,B,C,D,E,F,o %
NiAR A,B,C,D,E, F, 89 @mMmAS,, BS =228, KALFTEEKS + S+ S3+... 8
For o

N

Answer: [912]

Solutions:

N

B

Let O be the center of the hexagon. Then OA; By, OAsB,, OB;(C are regular triangles, as

shown in the figure above.
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Hence, O A, is perpendicular to A, B;.

A 3 S 3
This impli(::; that 0 Aj = \/7_, and therefore, S—? = -,
3
Similarly, =+ = 2.
imilarly. S, 1
Hence,
228
Sl+52+53—|—:—3
1-2
4

Organized by XIAMEN UNIVERSITY MALAYSIA
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Question S-20 [S points]

In the figure shown below, AF' : FB=4:3, AE : EC =3:5, BD : DC = 4 : 5. Given that
the areas of AABC and ADFEF are S| and S, respectively. If S; : Sy = m : n, where m and

n are relatively prime positive integers, find the value of m + n.

THRY, AF : FB =4:3, AE : EC =3 :5, BD : DC =4 :5, &4 AABC
B ADEF #9@AR MRS, & See TmEnN AR EEHAESFS, : So =m : n,
Km+n 8944,

Answer: [629]

Solutions:

AF 4 AE 3

AB 7 AC 8
%xAExAFxsinA 12

SAAEF _ 12
Saapo % x AB x AC xsinA 0
BF 3 BD 4
BA 7 BC 9
Sapprp _ 12
Saapc 63
cD 5 CE 5
CB 9 CA 38
Sacoe _ 25
Saapc T2
SADEF:1_2_2_§:ﬁ
SAaaBC 56 63 72 504

Hence, m = 504, n = 125, m +n = 629.
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Question S-21 [6 points]

Find the area of the region in the plane defined by the inequality |z + 2y| + |z — 2y| < 34.

£F@ERTRER 242y + |z — 2] < 34 F % L oY K3 @ AR,

Answer: [578]

Solutions:

The lines x = 2y and x = —2y divide the plane into 4 regions.
Region A:
x>2yandxz > —2y
|z + 2y| + |z —2y| < 34
r4+2y+x—-2y< 34
r <17
Region B:
r<2yandz < -2y
|z 4 2y| + |z — 2y| < 34

r+2y—o+2y <34

Region C:

r<2yandz < —2y
|z + 2y| + |z — 2y| < 34
—r—2y—x+2y <34

x> —17
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Region D:

x> 2yand r < —2y
|z 4 2y| + |z — 2y| < 34
—r—2y+x—2y <34

> _ -0
¥y=77%

Hence, the region defined by is a rectangle of length 34 and width 17, and the area is 578.
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Question S-22 [6 points]

112 (—1)k+

IfS = , find the value of 120S.
kz:;\/4k2—1(\/2k+1—\/2k—1)

112 (—1)k+

B £ 1208 #9144
=S kz:;\/4k2—1(\/2k+1—\/2k_1)’ K 1205 #4914

Answer: [56]

Solutions:

_112 (_1)k+1
S_;\/4k2—1(\/2k+1—\/2k—1)

Clm (CD)F (VR T+ V2R - T)
24 V@k+ D)2k — 1)
—1 112 e 1 1
_2;( A <\/2k—1+\/2k+1)
A00) -G )+ () ()
2 V3 V3 V6, \W221 V223 V223 /225
_L (1_i
2 15
T
15
1205 = 56
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Question S-23 [6 points]

In the figure below, AD bisects ZBAC'. Given that AB =9, BC =10, AC =6.If AD = =z,

find the value of z2.

THEY, AD-F% /BAC. &% AB =9, BC =10, AC =6. H#AD =z, K2 &
&,

A
B D C
Answer: [30]
Solutions:
BD _AB 3
CD AC 2

BD =6, CD =4
Let ZADC = 6. Then

62 = 4% + 22 — 8z cos b
92 = 62+ 22 + 12z cos 6
3x36+2x%x81=3x16+32%+2x 36+ 222

2 =30
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Question S-24 [6 points]

Find the largest integer less than 1000 which has exactly 7 positive factors.
KT 1000 EAsH 7 AN E B F 69 R RS

Answer: [729]

Solutions:

If N is an integer which has exactly 7 positive factors, then N = p°® for some prime p. The

largest such integer less than 1000 is 3% = 729.
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Question S-25 [6 points]

1 ne )
Giventhatag = 1,a; = —,and foralln > 1, a1, = L. Find .
2 1+ nay,—1a, A99a100
1 e .
Chrag=1, a1 ==, BHFHAGN>1, @y = —o"t — £ .
2 1+ nay—1a, A99a100
Answer: [4952]
Solutions:
1
= + na,
An41 an—1
1 1
= +n

Ap410n ApQn—1

1 I 99( 1 1 )
Groolgyg  a1G0 = \Unt+10n  Gplp—1
99
n=1
99 x 100

2

=4950
1

Q99a100

= 4952
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Question S-26 [8 points]

Consider the 2021 fractions

1 2 3 2021
20217 20217 20217 72021

Let S be the set of these fractions which cannot be reduced to fractions with smaller denomi-

3 1
nators. For example, —— is in S but is not in S since = —. Find the sum of the
2021 2021 2021 47

elements in S.

VAT 2021 A%

1 2 3 2021
20217 20217 20217 "7 7 2021°
ﬁ%%S%ﬁ%%ﬁ?K%ﬁ%mﬁ%&%&¢%%ﬁ%ﬁﬁ%%écmﬁ,%ﬁ

43 3 1 .
— = K7y —=—, K VIR °
ESW, Wt AESE, BA oo = s KSFHLRLA

Answer: [966]

Solutions:

Since 2021 = 43 x 47, Wkﬂ isin S'if and only if 1 < k£ < 2021 and k is relatively prime to 43
and 47.

The sum of the integers from 1 to 2021 is w

The sum of those divisible by 43 is

43 x 47 x 48 2021 x 48

43(14+2+...+47) =
(1+2+4...+47) 2 2
The sum of those divisible by 47 is

AT x 43 x 44 2021 x 44
2 - 2

AT(1+2+ ... 4+43) =

The integer 2021 is counted in both.

Hence, the sum of the elements in S is

1 <2021 x 2022 2021 x 48 2021 x 44

2021
2021 2 2 20 )

=1011-24 -22+1

=966
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Question S-27 [8 points]

1 1 3
How many pairs of positive integers (m, n) satisfy the equation — + — = ?
m n 10000
H % %t ERE (mon) R AKX~ 4 £ = > 9
’ m  n 10000
Answer: [40]
Solutions:
1 1 3
m  n 10000

10000(m + n) = 3mn

(3m — 10000)(3n — 10000) = 2° x 5°

Notice that (3m — 10000) and (3n — 10000) are integers not smaller than —9999. In order that
their product is 2% x 5%, they must be both positive integers. We also observe that they are both
congruent to 2 modulo 3.

Conversely, given two positive integers x and y that are congruent to 2 modulo 3 such that
xy = 2% x 5%, we can solve z = 3m — 10000 and y = 3n — 10000 for positive integers m and
n satisfying

1 1 3

m "~ 10000
Since 2 and 5 are both congruent to 2 modulo 3, we find that 3m — 10000 must be of the form
2% x 5° where 0 < a < 8,0 < b <8, and a + b must be odd.
Ifa=0,2,4,6,8,bcanbe 1, 3,5, 7.
Ifa=1,3,57bcanbe0,2,4,6,8.

These give 20 + 20 = 40 pairs of positive integer solutions (m, n).
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Question S-28 [8 points]

The figure below shows a rectangular box. Given that the points P, (), R are the centers of the
faces ABC'D, BCEF and C DGF respectively. If the lengths of PQ), QR and PR are 5, v/52
and /45 respectively, find the volume of the rectangular box.

TRATFAEA—AKTHR, &P, Q, RHMNAF&ABCD, BCEF % CDGE ¥ ¥
o FPQ, QR A PRW k5 AH5, /52 B 45, KK FIKGKIR,

G E
I
| R
I
I
D I C 0
| /
&‘ ———————— F
}3/
4 B
Answer: [576]
Solutions:
Let AB =2z, BF =2y, AD = 2z.
2%+ y* =25
22422 =52
y2 +22=45

4+ y? + 22 =61

2?2 =16, y* =9, 2 =36

Hence, z = 4, y = 3, z = 6, and the volume of the box is 8xyz = 576.
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Question S-29 [8 points]

In the figure shown below, each of the circles with centers at A, B, C' and D are tangent to two
other circles and the circle with center at O. Given that the radii of the circles with centers A,
B, C, Dand O are Ry, Ry, Ry, Ry and R respectively, and R, = 2R, R = xR, find the value
of 462x.

THEY, LA, B, C BD ARSHEANEDH G FZSAANE, ARAO ARG HE
7[“17‘70 E,éﬁpl/,(A B C D %O i].'béﬁ.éﬁ#"f}: 7’:’R1, Rl, RQ, RQ E\R
.H-R2:2R1, R:J?Rl, j"\462$€ él]'fﬁo

Answer: [264]

Solutions:

Q

Let M and N be the midpoints of AB and C'D respectively, and let P be the foot of perpen-
dicular from the point A to C'D. Then AM = MB = R;,CN = ND = Ry = 2R;.

AD:R1+R2:3R1
DP =Ry — Ry =Ry
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AP = \AD? — DP? = 2\/2R,
BO=R +R=(1+2z)R,
CO=Ry,+R=(2+2)R,

OM = VOB2 = MB? = RiV2% + 2z
ON =+vOC? = NC? = RiVa? + 4z
OM +ON = AP

Va2 + 2z 4+ Va2 + 4z = 22
2?4+ dr = 2% + 20 — A2V + 22 + 8
V22 +dr =4 —=x
4(22° 4 4x) = 16 — 8z + 2
T2® + 242 — 16 = 0
(Tx —4)(z+4) =0
r =

7
462x = 264
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Question S-30 [8 points]

Given that x1, xo, . . ., Tggg are real numbers with —1 < x; < 1 for all 7, and

I1+ZE2+...—|—1’996:0.

996

Find the maximum value of Z 3,
i=1

C ey, To, ..., Togs X FH. T A, —1<z,<1, H

$1+x2+...+x996:0.

996

i=1

Answer: [249]

Solutions:

Assume that £ of the x;’s are positive, and [ of them are negative, where k +1 = N < 996. The
remaining x;’s are zero.

Let uq, ..., ui be those z;’s that are positive, and vy, .. ., v; are the negatives of those x;’s that
are negative, so that vy, . . ., v; are positive.

Then we have
UL+ ...+ U, =V + ...+ V.

and
996

Za:?:(u?+...+u2)—(v§+...+vl‘q’).
i=1

Letm =wu; + ...+ ug =v; + ...+ v. Thenm < min{k,(}. By Holder’s inequality,

Wl

1
(4. +0)P I+ 413 >+ +y

with equality if and only if v; = ... = v;. Therefore,

3

3 3 M
U1+...+Ul ZZ—Q

On the other hand, since u; < 1, we find that uf < uj;.
Hence,
m3 3
(W4 4ud) — (3. ) St o =m—
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3
With fixed /, set f(m) = m — 77—2 0 <m < min{l, N — .
3m?
Then f’(m) =1- l—g

l l l
If k > —, then f’(m) > 0 when 0 < m < —= and f’(m) < 0 whenm > —.

V3 V3 l V3
This implies that f(m) has a maximum value at m = 7 and the maximum value is
l l 2
M=—-—F7=—2=I
VB VB 3B
[
NoticethatN:k:—Hz——H——(\/_ 1).
V3 V3
Therefore,
2 N N
M, < - < —.
'S3/34+1 4
l
If k < —, then f'(m) > 0when0 < m < k.
<7 f'(m)
This implies that f(m) has a maximum value at m = k, and the maximum value is
]{?3
My =k —
i (N —k)?
k?’
Fixed NV and consider the function g(k) = k — N5
Then
3k? 2k3
(k) =1- — =1-32"-22"=—(2+1)°(22 — 1
g(k) (N—k2 (N—k)? < z (z+1)7(2z - 1),
where z = ——.

N —k
1 1
Hence, if 0 < 2 < 3 g'(k) > 0, and when z > Y g (z) <0.

1 N
This implies that g(k) has a maximum value when z = 5 Or equivalently, when k = 3 In

2N
this case, [ = 5 and k < L Hence,

V3

K3 N
My=k— 5 < —
? (N—Fk)?~ 4
996 996
The whole analysis shows that the value of Z 7 cannot exceed o = 249.

i=1
996

1
When 1 = ... = X332 = 1, T333 = ... = Tggg — —5, we find thath;?’ = 249.

1=1
996

Hence, the maximum value of Z x? is 249.
=1
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