CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2021 SENIOR CATEGORY

Question S-01 [S points]

Given that the function f : R — R satisfies f(3x + 2) = 2z + 2021, find f(2021).

b f R — R #HL f(3r+2) =2z 42021, K £(2021).
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Question S-02 [5 points]

In a game, each of the eight participants is given a card to write her own name on it. They
then give the cards to the host. After mixing up the cards, the host randomly distributes the
cards to the participants, each participant gets one. If z is the probability that exactly one of the

participants does not get back the card with her own name written on it, find the value of 8! x.

BE—ANFRE, NMaihbEHELAh—RKFA LELACHLST, INZEBEHEFLE XL E
BAo IFRAFIATTABE, BAEEHFTRARLEINEAEE, BA—K. ZTahh
H—ih5E2EAEHELACLTFHFAGBE, Klrefi,
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Question S-03 [5 points]

Given that a, b, c are three positive numbers with (a+b—c¢) : (b+c—a) : (c+a—b)=6:7:9
anda + b+ c=176. Find b .

CHra,b,c ZAERKBL (a+b—¢): b+c—a): (c+a—-b)=6:7:9, H
a+b+c=176. K bo
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Question S-04 [5 points]

Let x be the number of ways to permute the letters in the word INSPECTION such that the two

N’s are not adjacent, find i.
720

Xz AIINSPECTION —F F 49 L FHH7], BAN RAARGHER 4, K

T

720°

Organized by XIAMEN UNIVERSITY MALAYSIA Page 4 of 30



CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2021 SENIOR CATEGORY

Question S-05 [5 points]

In the figure below, ABC'is an equilateral triangle. ABDFE, ACFG and BC'HK are squares.
Given that AB = 2 and z is the area of the hexagon DEGF H K. Find the largest integer less

than or equal to z.

TEY, ABC 2 —AN%W=A%. ABDE, ACFG % BCHK % EFH#H, L4
AB=2H g 2<% DEGFHK t9@# 2, K I FREF v 9% KEHK,

F H
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Question S-06 [S points]

Given that the set R consists of all pairs of real numbers (z, y) satisfying

2c+y—2 >0
20 —3y+6 >0
r—2y—1 <0
r+y—7 <0

Find the maximum value of x + 3y on R.

kb R B9 LFERITH i AT XA

2c+y—2 >0
20 —3y+6 >0
r—2y—1 <0
r+y—7 <0

B ERAT (v,y)e K o+ 3y £ R L8R KA.
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Question S-07 [S points]

Given that log;, 2 = 0.3010, how many digits does the number 22°?! have?

© 4 log, 2 = 0.3010, 2202 IAFCA LA F?
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Question S-08 [5 points]

522 + 10 71
Find the maximum value of the function f(x) = v+ Dt
2 4+2x+7

B 522 4+ 10z + 71

RAg f(z) 24+ 2x+7

9 8 RAE
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SENIOR CATEGORY

Question S-09 [S points]

Four people, P, Q, R and S, are accused in a trial. It is known that
e If Pis guilty, then Q is guilty.

e If Qis guilty, then either R is guilty or P is not guilty.

e If Sis guilty, then P is guilty and R is not guilty.

e If Sis not guilty, then P is guilty.

Among these four accused P, Q, R, S, how many of them are guilty?

f—kFRFAHAEIEREP, Q, RAS, T
o WEPRARM, MNQELAA R,
o WEQAARM, NWRAAFHRPRELEM,

o WwRSAAFFM, NP FHHRALEN,

Hh R
o ERESEALFEM, NMPAA R,

P, Q, R, SWiz#&E¥, AL VIaH F?
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Question S-10 [5 points]

In the figure below, ABC'D is a rectangle with AB = 12, AD = 6. The arcs AQB and CPD
are semicircles with diameters AB and C'D respectively. If the area of the shaded region is z,

find the integer that is closest to .

TFTHERY, ABCD —A%7F#, AB=12, AD =6. "KAQB AW CPD A ¥R, H
ByAA ABFCD. EMHAF;@ARA v, KRIFLz9ELK,

D 9 C
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Question S-11 [5 points]

Given that log, b = 317, find the value of log_ /; (\/ a5b3>.

& 4o log, b =317, # log; (Vaib? ) .
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Question S-12 [5 points]

Find the sum of the integers n that satisfy the inequality 12n? < 383n — 2020.

KR ARE X 12n2 < 383n — 2020 W9 $k n Z Fo,
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Question S-13 [5 points]

.. .. 7 7
If a and b are two distinct positive numbers such that 11a — 7 = 11b — —, find the value of

a
1001ab.

Hq AbRMAWGEMRE 11a — g 11— L K 1001ab #4944

a
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Question S-14 [5 points]

In the figure shown below, ABC'D is a cyclic quadrilateral, AB is a diameter of the circle.

Given that AD = 12, BC' = 19, AC = x, BD = v, find the value of y?> — z2.

TEY, ABCD R—RANEQWAA, ABRRAWELZ. 4 AD =12, BC = 19,
AC =z, BD =y, Ky*— 2?91,
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Question S-15 [5 points]

If n is a positive integer such that

1 1 1 1 }

2021
0 {1><3+3><5+5><7Jr Jr(2n—1)(2n+1)

is also an integer, find the largest possible value of 7.

Fn & —EERAET

2021 [ ! L ! ! }

1x3 3x5 5x7 T @n-DEntD
AR, Kn B9 KT REME,

Organized by XIAMEN UNIVERSITY MALAYSIA Page 15 of 30



CHEN JINGRUN’S CUP MATHEMATICS COMPETITION 2021 SENIOR CATEGORY

Question S-16 [5 points]

If k is an integer such that (k — 8)2® — (2k — 5)x + (k — 9) is negative for all real numbers z,

find the largest possible value of k.

FhA—EHEAS TG ER2, (k—8)2® — (2k — 5o+ (b —9) S91EARZ i 49,
Kk 69 R KT fefho
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Question S-17 [5 points]

Let a, b, c be the three roots of the equation 2® — 992 — 101 = 0. Find the value of a® + 0% + ¢>.

Ka, b, cHAFTAEAX 23 — 992 — 101 = 089 =A . Ka>+ b+ & 8918,
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Question S-18 [5 points]

Under a rotation with respect to the point P(a, b), the image of the point A(11,5) is A’(9,11).
Find the value of 30 — a.

E4n 2 VA% Pa,b) # PG, & A11,5) 818~ A(9,11), K3b—athfh.
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Question S-19 [5 points]

In the figure below, A;B,C1D,FE F; is a regular hexagon. The midpoints of the sides of
A1 B,Cy D, Ey F are joined to form the hexagon A; BoCy Dy Ey Fy. The midpoints of the sides
of Ay BoCy Dy s Fy are joined to form the hexagon A3 B3C'3 D3 E5 F3. This process continues to
form the hexagons A, B,,C,, D, E,, F}, for all n > 2. If the area of the hexagon A, B,,C,, D, E,, F,,
is S,,, and S; = 228, find the sum of the infinite series S; + So + S35 + .. ..

4o F BB, ABCiD\E\Fy 2—/NENAF, ¥ A BCDIEF, &89 SEA42%
HAF B NAR AyBoCoDyFoFhye ¥ AyBoCoDyFolFy &3 69 ¥ & i A2 k315 8] 55 34 /4
A3B3C3D3EsFs0 BT E XA UFZR A > 2060248 A,B,C,D,E,F,o %
NiAR A,B,C,D,E, F, 89 @mMmAS,, BS =228, KALFTEEKS + S+ S3+... 8
For o

N
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Question S-20 [S points]

In the figure shown below, AF' : FB=4:3, AE : EC =3:5, BD : DC = 4 : 5. Given that
the areas of AABC and ADFEF are S| and S, respectively. If S; : Sy = m : n, where m and

n are relatively prime positive integers, find the value of m + n.

THRY, AF : FB =4:3, AE : EC =3 :5, BD : DC =4 :5, &4 AABC
B ADEF #9@AR MRS, & See TmEnN AR EEHAESFS, : So =m : n,
Km+n 8944,
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Question S-21 [6 points]

Find the area of the region in the plane defined by the inequality |z + 2y| + |z — 2y| < 34.

£F@ERTRER 242y + |z — 2] < 34 F % L oY K3 @ AR,
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SENIOR CATEGORY

Question S-22 [6 points]

112 (—1)k+1

HSZ;\/M?—M\/%H—\/%—Q

112

% g Z (_1)k+1
~ 4k -1 (V2k+1—-+V2k—1)

, K 1208 8914,
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Question S-23 [6 points]

In the figure below, AD bisects ZBAC'. Given that AB =9, BC =10, AC =6.If AD = =z,

find the value of z2.

THEY, AD-F% /BAC. &% AB =9, BC =10, AC =6. H#AD =z, K2 &
&,
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Question S-24 [6 points]

Find the largest integer less than 1000 which has exactly 7 positive factors.

K F 1000 BAsF 7 AN E B F 69 5% K #E A
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Question S-25 [6 points]

) 1 n— )
Giventhatag = 1,a; = —,and foralln > 1, a1, = L. Find .
2 1+ nay,—1a, A99a100
1 Ap—1 > 1
E’»%"aozl, a; = =, ﬂ-xf%ﬁﬁﬁéﬁnzla p+1 = 77— > ;k o
2 1+ nay—1a, A99a100
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Question S-26 [8 points]

Consider the 2021 fractions

1 2 3 2021
20217 20217 20217 72021

Let S be the set of these fractions which cannot be reduced to fractions with smaller denomi-

3 1
nators. For example, —— is in S but is not in S since = —. Find the sum of the
2021 2021 2021 47

elements in S.

VAT 2021 A%

1 2 3 2021
20217 20217 20217 "7 7 2021°
e S : NN \ N o 3
ﬁ%%S%ﬁ%%ﬁ?K%ﬁ%mﬁ%&%&¢%%ﬁ%ﬁﬁ%%écmﬁ,%ﬁ

43 3 1 .
— = K7y —=—, K VIR °
ESW, Wt AESE, BA oo = s KSFHLRLA
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Question S-27 [8 points]

. e . 1 1 3
How many pairs of positive integers (m, n) satisfy the equation — + — = ?
m n 10000
% 1l i % o e b1 3
H % V3t EEH (mn) BEFTAEX — 4 — = 9
m  n 10000
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Question S-28 [8 points]

The figure below shows a rectangular box. Given that the points P, (), R are the centers of the
faces ABC'D, BCEF and C DGF respectively. If the lengths of PQ), QR and PR are 5, v/52
and /45 respectively, find the volume of the rectangular box.

TRATFAEA—AKTHR, &P, Q, RHMNAF&ABCD, BCEF % CDGE ¥ ¥
o FPQ, QR A PRW k5 AH5, /52 B 45, KK FIKGKIR,

G E
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Question S-29 [8 points]

In the figure shown below, each of the circles with centers at A, B, C' and D are tangent to two
other circles and the circle with center at O. Given that the radii of the circles with centers A,
B, C, Dand O are Ry, Ry, Ry, Ry and R respectively, and R, = 2R, R = xR, find the value
of 462x.

TEY, %A, B, C AD HAMSHWARH A5 F AR, RARO A RHSHE
Shdn. &k A, B, C, D BO ABSEGFZSAA R, R, Ry, Ry AR,
.H-R2:2R1, R:J?Rl, j"\46256 él]'fﬁo
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Question S-30 [8 points]

Given that x1, xo, . . ., Tggg are real numbers with —1 < x; < 1 for all 7, and

$1+$2+...+I996:0.

996
Find the maximum value of g 3,
i=1

Ea%ﬂ.%l, T2, ..., Iggﬁ/’?&y}%%{(o Sd’ﬂ:ﬁﬁil—éﬁl, —1§ZEZ§1, H

ZE1—|—JI2+...+CL’996:0.

996
£ 3 af e KA
i=1
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